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Abstract 

We prove that the Gromov-Witten moduh space of a compact symplectic manifold carries a unique 
virtual fundamental class that satisfies certain naturality conditions. The theorem also applies to 
moduli spaces of relative J-holomorphic maps. The virtual fundamental class is constructed using 
only Gromov-type perturbations by introducing stabilizing divisors and systematically applying the 
naturality conditions. 

1 Introduction 



The central object of Gromov-Witten theory is the virtual fundamental class (VFC) of the moduli space 
of stable maps. In the algebraic geometry context, the virtual fundamental class was constructed soon 
after the subject began. It is difficult to extend the construction to the symplectic category, in large part 
because the methods of geometric analysis are ill-suited to apply to maps from families of degenerating 
curves. The issue was ori ginally addressed in the late 1990s ([FO], [LIT] . [LmT], [3, [S]). As the subject 
has developed, there has been an increasing need for an approach that is rigorous and also easy to use. In 
recent years major efforts have been made to define a virtual fundamental class using Kuranishi structures 
[FUOOj . [J], [CTW| . and polyfolds pTWZ] . 

This article presents an alternative approach, building on ideas of Cieliebak-Mohnke |CMj and paying 
attention to the functorial aspects of the VFC. The strategy of the proof is to observe that existing 
results give a virtual fundamental class for a set of especially nice almost complex structures (which we 
call super-fine and generic) and successively enlarge the space of parameters on which the VFC is defined. 
To fully exploit functoriality, we consider collections of Gromov-Witten categories. 

Here is the general context. In symplectic Gromov-Witten theory, each moduli space is part of a 
family parameterized by the space J^{X) of tame almost complex structures on X. One must also specify 
the type of domain curve and type of target. The choices involved can be phrased as follows. 

Definition 1.1. A GW moduli problem for a symplectic manifold X, or more generally a symplectic 
pair {X,V), consists of 

(a) A choice of a category of families of complex curves, 

(h) A choice of a (possibly empty) normal crossing divisor V C X , 

(c) A choice of a set J of that parameterizes a set of pseudo-holomorphic maps. 
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From this data one constructs a GW family A4{X) of moduli spaces over J whose fiber M (X) over 
J & J is the (compact) set of all isomorphism classes of J-holomorphic maps from curves of the specified 
type. We will assume that (a) is a category of curves with n marked points and a Deligne-Mumford space 
Mn, then there is an stabilization-evaluation map for the family: 

^1^7W„ X X" (1.1) 



J 

Meta-Theorem: Every fiber of tt carries a virtual fundamental class [A4'^ {X)]"""^^ G H^{Ai^ {X)). 

The existence of a virtual fundamental class immediately gives the Gromov-Witten invariants GW £ 
Hom(i7*(A^„ X X"),Q), which are defined by 

GWia) = (se*a) • [^7''(X)]™^ 

The purpose of this paper is to make this meta-theorem precise, to give a proof, and to describe some 
functorial and uniqueness properties of the virtual fundamental class. 

The following examples emphasize the fact that there is not one, but many GW theories, depending 
on the choices (a) - (c). 

Example 1.2. It is standard to consider the moduli spaces of stable J-holomorphic maps from a genus 
g n-markcd curve to X that represent A G H2{X). These give a diagram (|l.ip where 

se : MA,g,niX) Mg^n X X". 

Example 1.3. One can also consider maps with decorated domains. One example, described in Section 2, 
is obtained by fixing a finite group G and considering curves with twisted G-covers. Again, there is a 
space of stable maps, a universal curve and a stabilization-evaluation map 

se:Ml^^„iX)^Ml,,xX\ 

Example 1.4. One can also decorate the target by choosing a normal crossing divisor V C X and 
making two modifications: a) restrict the parameter space J' to the subspace J{X, V) of ^-compatible 
almost complex structures, and (b) mark all the points in the inverse image of V, and decorate them 
with a vector s that records contact multiplicities to the various branches of V. Using the relative stable 
map compactification, one obtains moduli spaces of relatively stable maps and a refined se map 

sev ■■ MA,a,nAX, V) ^ A7g,„+,(,) x X" x F,{NV) 

as described in Section [71 There is also a decorated version of this: 

sey : >(a„,„,.(X, V) AT^„+,(.) x X" x F^NV) 

Thus in the most general situation we consider families of moduli spaces 

M^g^^jX^V) (1.2) 



PcJ 

parameterized by some manifold P of almost complex structures or Gromov-type perturbations (see 
Section 3.1). Each has an se map as above. These families are related by functorial maps of several 
types: 
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(i) An inclusion t, : Q ^ R oi submanifolds of P yields a diagram 

Mlg^^jX, V) mX^^^JX, V) (1.3) 



Q >-R 

(ii) Forgetting the twisted G-cover induces a map 

■■ MA,g,nAX, V) MA,,,nAX, V). (1.4) 

over the space J^{X, V) of parameters that do not depend on the G-structure. 

(iii) Forgetting a component of a normal crossing divisor VUW together with the corresponding marked 
points, and collapsing unstable components induces a map 

■■ MA,g,n,s,s'iX, VUW)^ MA,g,nAX, V) (1.5) 

over J{X,VUW). 

A parameter J G P is called regular if the linearized Cauchy-Riemann operator is surjectivc, stratum 
by stratum, for every J-holomorphic map / S A4j^ ^ „ ^{X, V). Two classes of regular J are especially 
easy to work with: a regular J is domain-stable if the domain of every / in the moduli space is a stable 
curve, and is domain-fine if each domain is a stable curve with no non-trivial automorphisms. 

Ideally, there will be a class of sufficiently nice J's for which the moduli spaces M over J is a 
manifold. For such J, one expects that the restriction of ()1.4p to J to be a map 

of degree |G|. Similarly, one expects that (|1.5p restricts to be a map 

VD : A7l,,„,.,.' {X, VUD)^ M'A,g,nAX, V). 

of degree l{s')l when s' = (1, . . . , 1) and all maps into D are constant. In Section 8 we show that this 
property holds provided D is "sufficiently positive" in a specific sense (equation 18. ip depending on A and 
9- 

Each Q C P determines a moduli space ^A'^ {X) ~ Tr^^{Q) over Q. As shown in Section|4j the family 
(|1.2p has a metric space topology making tt a proper map to P with its G° topology. One can then pass 
to homology, using the "compact homology" theory H^, of Massey |Maj . |Ma2| with rational coefficients, 
which is defined for all metric spaces and is equal to rational Cech homology for compact metric spaces. 

Definition 1.5. A virtual fundamental class associates to each moduli space Ai^ = g „ s(^, V) over 
a path-connected manifold P C J' an element 

for each Q C P satisfying a regularity axiom and three naturality axioms: 

Al. If J G P is a regular and ^ is a topological manifold, then [^A'^]'"''^ is the fundamental class [^A'^] 
A2. An inclusion i : Q ^ P induces in. [AT'^]"'' = [M'^f'r 
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A3. Under dm), ^^[ip(j)*[M^'^r'' = 

A4. Whenever U Z? is a normal crossing extension of V with D sufficiently positive then, under (|f .Sp . 
for s' = 

With this terminology, our main result can be stated simply: 

Theorem 1.6. There is a unique virtual fundamental class associated to A4A.g.n,siX,V) — >■ J'{X,V). 
In particular, for each J G J7{X, V), there is a class 

[Mig,nAX,V)r' e H.(Mi^^„jX,V);Q). (1.6) 

The image of the virtual fundamental class (|1.6p under the se map is called the Gromov- Witten class 
of iX,io). 

Corollary 1.7. The Gromov- Witten class 

GWA,g.nAX,V) = Se4M-i,g,nAX)r" ^ H^Mg.n X X") 

depends only on the deformation class of the symplectic structure represented by [J^uj) G J{X). 

Proof. Two tame structures Jq = {J,^) and Ji = (J',w') are deformation equivalent if they lie in a path 
P = {Jt} in J^{X). Let lq : {Jo} — > P and ii : { Ji} — !> P be the inclusions. Then by Axiom A2 

se.Lo4Mt,jX,V)r^ = se.i^4MXgAX,V)r = se^Ml^JXr^. 

□ 

Theorem ll.6l is proved by repeatedly applying three moves: (i) introducing G-structures and stabilizing 
divisors, and passing to the associated moduli spaces, (ii) enlarging the space of almost complex structures 
and (iii) applying the continuity property of Cech homology. Stabilizing divisors are analogs of the very 
ample line bundles used to construct the virtual fundamental class in algebraic geometry. We follow 
Cieliebak and Mohnke's approach jCM| of using divisors from Donaldson's theorem, and also include 
ideas from Siebert [S] and McDufF-Wehrheim |MW| . 



2 Families of curves 

Gromov- Witten moduli spaces A4{X) are families of pseudo-holomorphic maps. To understand them, 
one must first understand the case where X is a single point. In this case, M.{X) is a family of curves 
with an appropriate topology. Thus it is not enough to consider curves in isolation; one must consistently 
work with families of curves and maps between such families. This viewpoint, reviewed in this section, is 
standard in algebraic geometry, but its power has not been fully used in the geometric analysis literature 
on Gromov- Witten theory. 
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For our purposes, a family of genus g n-marked curves over S* is a proper surjective map of complex 
analytic spaces with sections (Ti , . . . , cr„ 



C 



(2.1) 




S 



whose fibers Cg = 7r^^(s) are closed, connected curves of arithmetic genus g and that has the following 
structure. There is an nodal set J\f <Z C such that (i) tt is a locally trivial fibration in the complement 
of each neighborhood of TV and (ii) for each point c G A/" there are coordinates (x, y^v) € €? x V on 
a neighborhood of c = (0,0,0) and {z,v) G C x 1/ on a neighborhood of 7r(c) in which tt is given by 
7r(x,?/, u) — {xy,v). Finally, the images of the sections ai are disjoint and disjoint from Af. 

Maps between families are given by the obvious commutative square; this gives a notion of isomor- 
phisms and automorphisms of families. The puUback of a family along a map tp : T ^ S is a family 
ip*C over T. One can then envision a universal curve: a family U ^ A4 over some space A4 such that 
any family (|2.ip is isomorphic to the puUback along a unique map ip : S A4. 



In this generality, universal curves do not exist. The key impediment is the existence of families that 
contain a fiber Cg with non-trivial automorphisms. If the map (/s to is to be unique, then the pullback 
must be Cs/ Aut{Cs) instead of Cg- Worse, if Aut(Cs) contains a subgroup isomorphic to C* then Ai 
cannot exist as a HausdorfF space. Thus the usual approach is to: 

(i) Restrict to stable families: a curve C is stable if Aut(C) is finite and a family is stable if its fibers 
are all stable. 

(ii) Require only the weaker universal property that there is a unique map ip as in (j2.2p so that the 
pullback family is a finite quotient of C S". 

Property (ii) makes Ai a "course moduli space" and necessitates working with orbifolds. (Alternative 
approaches using Artin stacks are not well-suited for use with geometric analysis.) 

Example 2.1. Deligne-Mumford spaces. Consider genus g curves C with n distinct marked points 
xi, . . . , Xn, none of which is a node. The Xi, together with the nodes, are called the special points of 
C. Smooth curves of this sort are stable ii 2g — 2 + n > 0; in general C is stable if each irreducible 
component with genus has at least 3 special points, and each with genus 1 has at least one special 
point. For 2g — 2 + n > families of stable curves modulo automorphisms are classified by maps into the 
Deligne-Mumford space Mg^n (see [L2] for a nice survey of this). Deligne, Mumford and Knutsen proved 
(see [L2]): 

• Mg^n is a projective, complex analytic orbifold; 

• the locus dAig^n ~ A4g.n \ Aig.n parametrizing singular curves is a normal crossing divisor in the 
orbifold sense. 

The universal curve p : Ug^n ^g,n is given by Ug^n = Aig^n+i where p is the map that forgets the 
extra marked point xq. Each stable genus g curve C with n marked points has a unique stable model 



C 



U 



(2.2) 



S 



M 



5 



st(C) ~ [C] e A^£/,n and a unique map u : C ^ l^g.n that fits in the commutative diagram 




pt. Mg, 



(t is defined by l{z) ~ st(C, z) £ A4g^n+i for non-special points z and extended by unique continuation). 
However, the fiber over a stable curve [C] € ■Mg,n is isomorphic to C/AutC and the classifying map l is 
not injectivc if Aut C ^ 1 (thus Mg,n is only a "coarse moduli space"). 

Remark 2.2. Diagram (|2.3p also applies to prestable curves in the stable range 2g — 2 + n > and we 
further extend it into the unstable range by formally defining M.g^n to be the topological space A^g,3-2g 
obtained by adding the minimum number of marked points needed to stabilize. Thus we define A^o.Oj 
MoA and A^o,2 all to be A^o,3j which is a single point, and define Mi^o to be Mis- 

In the unstable range, these spaces must be used cautiously: for them, the fiber of the universal curve 
(|2.3|) is a point and the classifying map l is only defined modulo Aut C, which is a Lie group of positive 
dimension. 

We can also consider families of curves with additional structure. By defining a decorated curve to 
be a curve C together with a map p : T ^ C we can include extra marked points, a principal G-bundle, 
a divisor or log structure, etc. Morphisms and automorphisms of decorated curves are defined by the 
obvious commutative square. Again, a decorated curve is called stable if its group of automorphisms is 
finite. 

In the examples we will use, decorations have the form p : C — > C where C is another curve. For 
each such example, there are moduli spaces Mg „ that classify isomorphism classes of stable pairs (C, p) 
where C is a genus g nodal curve with n marked points. These decorated moduli spaces come with a 

— dec dec 

universal curve p : Ug „ — > A^^ „ and forgetful maps with the following properties: 

dec dc c 

(a) Aig „ and lAg „ are complex projective orbifolds. 

(b) For each stable decorated curve (C, p) there is a classifying map l and a stabilization map st such 
that st ~ p o L whose image is a fiber isomorphic to (C, p)/ Aut (C, p): 

{cp)^^^;; (2.4) 




(c) the maps (|2.4p are natural with respect to "forget decorations" maps t and t and "forget marked 
point" maps p: 



-dec t j- 



M 



■dec 
g,n+l 



■M 



g,n+l 



(2.5) 



M 



■dec t 
9,n 



■Ma 



M 



■dec 
9,n ■ 



■M, 



Example 2.3. Given a curve C with n marked points {xi}, the operation of "adding £ additional marked 
points" can be viewed as the choice of a degree 1 holomorphic map p : C ^ C where C has n-\- (. marked 
points {.T,;} with p{xi) = for i = 1, . . . , n. Then Mg "^ is Mg^n+t- 
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Example 2.4. Similarly, p could be a configuration of I unordered, non-special points on C (or equiv- 
alently an effective divisor on C); then J^'^g ^ is the £-fold configuration space „ — > Mg.n- We could 
also consider the relative Hilbert scheme %ilh^ — > ^g,n- These two spaces are homeomorphic, but have 
a different smooth (orbifold) structure; the second is a smooth resolution of the first, (e.g. in the case 
C = Pi, nUb^V^) = P'^ ^ Sym'^pi). 

Example 2.5. Log-stable curves are also examples of decorated curves (we will not use these). 

In these examples, (C, p) is stable whenever C is, even if C is not stable. Thus these decorations can 
be used to stabilize curves, as was done in Remark 12.21 

Given that automorphisms cause problems, and that decorated curves have fewer automorphisms, one 
should ask: is there a choice of decorations that completely eliminates automorphisms? More specifically, 
is there a category, whose objects are families of decorated curves, in which no object has non-trivial 
automorphisms? The resulting moduli space would then be a fine moduli space: every family would be 
the puUback of a classifying map, unique up to isomorphism, that is an isomorphism on each fiber. 

The existence of fine moduli spaces of curves was unknown until the 2003 work of Abramovich, Corti 
and Vistoli |ACVj . They constructed moduli spaces Mg .^ of stable twisted G-covcrs for finite groups G. 

These are G-covers p : C ^ C (possibly ramified, but only over special points of C) where C has marked 

points with stacky structure recording the ramification order of the cover, and that are also "balanced" 

(satisfy a matching condition at the nodes). They also showed that there exists certain finite groups G 
Q 

such that A4g „ is a fine moduli space. Their results are our final example. 

Example 2.6. In genus zero A^o,n is already a fine moduli space whenever n > 3. For any finite group 
Q 

G the moduli spaces -Mg ^ of stable twisted G covers have the properties (a), (b) and (c) above plus the 
following extra properties (cf. [AC Vj ) : 

^ Q 

(d) There is a natural G-action on Aig „ whose quotient map is the forgetful map t : A4g „ ■M.g^n- 



(e) The universal curve Ug „ is an open and closed subset of A4g 

Q Q 

(f) For each g there exits a finite group G such that for all n > 2 — 2g, Mg „ and Ug „ are smooth 

Q 

complex projective manifolds and Aig n is a fine moduli space. 

Note that (f ) implies the remarkable fact that the moduli space A4g,n is a global quotient orbifold — the 
quotient of a compact Kahlcr manifold by a finite group (this was first proved by Looijenga |L1| ). For 
later use, also note that the map t in (d) induces a map in rational homology 

:H,(A4^„;Q) — >H,(Alg,„;Q) 
that relates the rational fundamental classes: 

i^^t4Ml,,] = [Mg,n]. (2.6) 



3 Moduli spaces of holomorphic maps 

Let X be a closed symplectic manifold and let J{X) denote the space of tame structures (J, w) on X, 
consisting of an almost complex structure J and a symplectic form w, with the G° topology. For each 
pair (J, uj) the moduh space 

m\x) 
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consists of equivalence classes of stable maps f : C ^ X from a nodal marked domain C into X that are 
solutions to the J-holomorphic map equation 

djf = 0. 

Such a map is stable if the automorphism group Aut(/, C) is finite, and two such maps are equivalent if 
they are related by pre-composition by an isomorphism of the domain. In particular, if C is a stable curve 
then any map / : C — )■ X is stable. In fact, the stability condition on / : C — X is topological: there 
are no unstable domain components that represent in homology. The moduli space has components 
MA,g,n{X) indexed by the homology class A = .f*[C] £ H2{X,Z), the arithmetic genus g and number 
of marked points n of C, and is stratified by the topological type of the domain as explained in the 
Appendix. 

Each map has an energy 

E{f) \df?dY0\c 
J c 

calculated using the Riemannian metric g{u,v) = ^[oj{u, Jv) + Ju)]. For J-holomorphic maps the 
energy is the cohomological pairing 

E{f) = u{U[C])=u{A). (3.1) 

When compactness is important, we will restrict attention to the portion of the moduli space below energy 
level E, written and defined as 

M'^'^^iX) = y [f eM'A,g,niX)\E{f)<E and 3g-3 + n<Ey 

A,g,n 

for (J, a;) in J{X). Occasionally we may need to use a separate upper bound Ei for E{f) than the bound 
i?2 for 3,g — 3 + n, in which case E = (£'i, £'2). 

As (J, w) varies in J{X), the moduli spaces {X) fit together in an universal family M{X) over 
J^{X). This comes with several natural maps: the projection pr whose fiber at a fixed structure J is the 

moduli space M. {X) and, for each (A, 17,71), a stabilization-evaluation map se 

MA,g,n{X) Mg,n X X" (3.2) 

pr 

J{X) 

whose first component takes the equivalence class of / : C — > X to the stabilization st{C) in the Deligne- 
Mumford space Mg^n and whose second component evaluates / at the n marked points (for 2g — 2 + n < 
we define st{C) as in Remark [2?2|) . 

To incorporate maps with decorated domains, let J^^lniX) be the space of equivalence classes 
[f,C,p,J] where f : C ^ X \s J-holomorphic map in MA,g,n{X) and p is a decoration on C. The 
equivalence relation is given by diagrams 

(3.3) 
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As before, [/, C, p, J] is stable if Aut(/, C, p) is finite or, equivalently, if the restriction of (/, C, p) to every 
irreducible component of C either has finite automorphism group or represents a nontrivial homology 
class va. X. ^ 

Decorated moduli space come with a forgetful map ip : A^^g„(A') J^A.g.niX) that forgets the 
decorations and which is natural with respect to the diagram (|3.4p . so there are maps 

MaU^)^mZx^^ (3-4) 

of moduli spaces over J{X). 



3.1 Graphs maps and Gromov-type perturbations 

Restrict now to maps decorated by a twisted G-cover of their domains as in Example 12.61 (G could be the 

Q 

trivial group), and let A4 (X) J{X) denote their moduli space that fits in the diagram (|3.4p . 
A map f : C ^ X whose domain is stable with Aut (G) = 1 has a graph 

F : G ^ Ug^n X X 

defined by F{z) — {i{z), f{z)) where t is the map in (|2.3p from G to a fiber of the universal curve. More 
generally, if / : G — > X is a map whose domain is a stable twisted G-cover p : G — ?► G (possibly with 
G = 1) then the "graph" of / is defined using Diagram (|2.4p by 

F = ipX{fop):C^Tfg^,,x X. (3.5) 

This also extends to the case when G G is not necessarily stable as in Remark |2.2[ in which case 
F factors through the stable model st(G — ^ G). Observe that if Aut(G, p) = 1 then t^, and therefore F, 
is an embedding. 

Next recall that the universal curve Ug „ is projective; denote it by U and fix an embedding U ^ P*^. 
For each fixed J, let V{X) be the space sections of the bundle Hom"'^(7ri*rP^^ tt^TX) over P'*^ x X (i.e 
such that J ov + V o j ^ Q). Each v G V(Ar) defines a deformation Ji, of the product almost complex 
structure on x A" by writing 

J. = J X J © (-t. o j) = ^ 0^ (3.6) 

Definition 3.1. Let JV{X) denote the space of smooth almost complex structures Ji, in the form Ii3.6\) : 
its elements can be written as pairs (J, v) with J £ J^{X) and v as above. 

The equation dj^F = on the graph F : C ^ U x X or equivalently 

9j/(z) = i.(z,/(z)) (3.7) 

on the map f : C ^ X will be called a Gromov-type perturbation of the J-holomorphic map equation. In 
the case of G-decorated maps, the corresponding equation on the pair (/, p) is 

djfiz) = v{ip{z), f{z)) where / = / o p. (3.8) 

Note that the map {J,iy) J gives a fibration with a section J t— !> (J, 0): 

JV{X^^^^J{X) (3.9) 
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There is a corresponding extension of the universal moduh space A4 {X) over J'V{X) with a dia- 
gram (|3.4p where J7'(X) is replaced by J'V(X). Note that JV{X), and therefore the perturbed pseudo- 
holomorphic map equation depends on the type of decorations used. 

The graph construction allows us to extend the space of allowable deformations (perturbations) of the 
pseudo-holomorphic map equation in a very specific way to domain dependent ones, defined by pullback 
from UxX ^ P*^ x X via the graph construction. As we will later see, the graph construction, combined 
with a fixed embedding U ^ P^^ has several other nice analytical consequences. 



4 The topology of Mg^n{X) 



The topology of the universal moduli spaces M.g^n{X) is constrained by the requirement that the maps 

used in Gromov-Witten theory be continuous. These constraints lead directly to a metric space topology 

on moduli space with all the desired properties — see Theorem 14.31 Moreover, this topology is the same 

as the Gromov topology commonly used in the literature (see the Appendix) . Everything in this section 



applies to the moduli spaces A^^ „(X), but for simplicity we will often omit the G from the notation. 

To topologize J{X), fix a Riemannian metric on X and use the Sobolev W^'^ norms with p > 2 and 
^>l^ although all that is needed is a topology stronger than C". 

Lemma 4.1. The space of tame W^'^ pairs {J, to) on X and the space JV^ of triples (J, v,ui) with v 
as in Definition \3.1\ are smooth separable Banach manifolds. 

Proof. Let V be the Banach space all W^'^ 2-forms that satisfy duj = weakly. The equation ~ —Id. 
defines a fiber bundle F that is a submanifold of End{TX). Let be the completion of the space of 
smooth sections of F in the VF^'P norm. Because of the Sobolev embedding W^'^ C for £p > 2, 
(or the completion in any norm stronger than C°) is a smooth Banach manifold [P]. Then is an open 
set (determined by the tame condition and the non-degeneracy of lo) of the manifold xV and hence 
is a manifold. □ 

To topologize the (universal) moduli space MA,g,n{X) — ?> JV^ recall that M.A,g,n{X) is the set of 
isomorphism classes of triples (/, C, J) where C is a (not necessarily stable) genus g curve with n marked 
points, J denotes a triple {J,v,uj) G JV^ , and / : C — > X is a ( J, i^)-holomorphic map. This set comes 
with several natural maps: (i) a projection tt to the space of parameters J ~ JV^ , (ii) stabilization- 
evaluation maps maps se, (iii) the energy function E{f), (iv) forgetful maps Lp^. and lpq that forget the 
last k marked points or the decorations G and contract those components that become unstable. All 
of these maps are invariant under reparametrization and therefore descend to the moduli spaces, giving 
commutative diagrams: 

M%g^^{X) ATJ^,„ X X" M%,,^+k{X) AT^„+,. X m1,,AX) (4.1) 

•Pk Vk VG 

J MlgjX) -^^mI^ X X- MA,gAX) 

These maps respect the action of the symmetric group Sn permuting the marked points, and when the 
domains arc twisted G-curves also respect the G action. 

Q 

The maps in (|4.1|1 induce another important collection of maps. First, each / € A^^g„(X) is 
continuous, so its "graph" (cf. p.5|) ) 

Tf = Image{F) = seo{v^\f)) C x X (4.2) 
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is a compact subset of Mg ^+i x X. Thus / n- defines a map 

r : A7jg,„(X) ^ Subsets,(Ml,,^, x X) (4.3) 

where SubsetSc{Z) denotes the set of compact subsets of Z. Similarly, for each k > 2 there is a "multi- 
point graph map" 

defined by T'} = se{ip'^:\f)) using (|4Al) . 

Definition 4.2. ^ topology on the collection of all moduli spaces 

is called natural if (i) the energy function and all the maps tt, se, (pa, 'Pk cind F'^ above are continuous, 
and (ii) the actions of G and Sn are continuous. 

The following theorem gives the key topological properties of Gromov-Witten moduli spaces, extending 
Theorem 5.6.6 of [MS| . Recall that a map is perfect if it is continuous, surjective, closed and all fibers 
are compact. 

Theorem 4.3. There is a natural topology on the universal moduli spaces A^^„(X) J'V^{X) that is 
metrizable and for which 

(a) Each map n : A^^„ (X) JV^{X) is proper. 

(b ) The maps tpk in ^.1^ are proper and perfect. 

Proof. The proof is given in the appendix. □ 

Theorem 14.31 shows that the universal moduli space is Hausdorff. Statement (a) is a version of the 
Gromov Compactness Theorem; it implies that the fiber over each J g JiX) is compact. 

The Appendix also contains a proof of the fact (Corollarv IA.4P that the topology in Theorem 14.31 is. in 
fact, the usual Gromov topology defined in the literature. 



5 The VFC for domain-fine moduli spaces 

This section shows how standard results imply the existence of virtual fundamental classes for one very 
nice class of moduli spaces: the "domain-fine" moduli spaces defined below. These are especially easy 
to work with because the stabilization map takes their domain isomorphically to a fiber of the universal 
Deligne-Mumford curve, and because gluing theorems apply without complications. 

The following two terms will be used repeatedly in this and later sections. 
Definition 5.1. A stable map f : C ^ X 

• is domain-stable (ds) if C is a stable curve, and 

• is domain-fine (df) if in addition, Aut C = 1 . 

A moduli space M.{X) is called domain-stable (resp. domain-fine) over U C J^^ if, for every J G U, each 
map in Ai"^ {X) is domain-stable (resp. domain-fine). 
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Both properties are preserved under adding decorations: if AiA.g.n{^\ J) is domain-fine or domain- 
Q 

stable, then so is Mj^^g^n+ki^l J) fo^' ^i^Y k>Q and any finite group G. 
Examples. 

1. For the trivial class A = 0, the moduli space M.Q,g,n{X) is domain-stable over all of JV^ . 

2. For genus 5 = 0, all domain-stable maps are domain-fine. 

3. If X is a curve of genus g > 2, all stable maps f : C ^ X are domain-stable (those of positive degree 

have genus C > 2, and degree stable maps have stable domains). 

Lemma 5.2. For fixed topological data (A,g,n), the sets 

J^ds — {"^ I -^A.g.n(^) '■^ domain-stable} and J^j = {J \ A^A,g,n(^) domain-fine} (5.1) 
are open in the topology on . The spaces i7V^^ and J^Vdf) defined similarly, are also open. 

Proof. Under Gromov convergence, the order of the automorphism group is upper semi-continuous and 
limits of unstable domain components are unstable. Thus each dr (resp. df) map / has a neighborhood 
with the same property. For J G J^^ (or jjj) these open sets cover the moduli space Mj^ g ^iX), and 
hence by compactness cover the moduli spaces tt~-^{U) for an open neighborhood U of J. The same 
argument applies to JV^^^ and JV^^f. □ 

The next theorem describes the structure of moduli spaces of domain-fine perturbed J-holomorphic 
maps for each fixed topological information {A,g,n). It summarizes some standard analysis facts, and 
the well-known gluing construction for holomorphic maps. We include a sketch of the proof; for details 
see |RTj or Chapter 10 of |MS| in the case of genus zero; also see GWl , As in these papers, a parameter 
J £ is called regular if the linearized Cauchy-Riemann operator is surjectivc, stratum by stratum, for 
every J-holomorphic map / £ Ma g ni-^)- 

Theorem 5.3. If J E JV^ is both domain-fine and regular for {A,g,n) then g ni-^) '■^ compact 
oriented topological manifold (stratified smooth) of dimension 

L = 2ci{X)A + (dimR X -6){l-g) + 2n. (5.2) 

Furthermore, over a regular path in jy^df moduli space is a compact oriented topological cobordism. 
Finally, the set of regular J is open and dense in JV^f, while the set of regular paths is open and dense 
in the set of paths in SV^^f- 

Proof. For domain-fine maps, one can use the variation in v to show that the linearization of the equation 
(|3.7p in (J, v) is onto (essentially because the graph F of / is an embedding, thus somewhere injective). 
Standard results then imply that there is a dense set of regular values in JVdf{X) over which each stratum 

of m\ g ^{X) is smooth with dimension equal to the index of the linearization. The top stratum has 
dimension (|5.2I) and is oriented by the determinant line bundle as in jRT| . The compactness statements 
follow from Theorem 14.3b ,. 

Finally, the gluing theorem in |RTj shows that the strata fit together to form a topological manifold 
over each regular J and also each regular path. (The situation is much more complicated without the 
assumption that all domains are stable with only trivial automorphisms). □ 

This can be used to define the virtual fundamental class for the moduli spaces AAA,g,n{X) which are 
the fibers of 

TT ■.MA,gAX) ^ JV% (5.3) 
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over the domain-fine ^JV^j as follows. Using Theorem 14.31 the moduli space (|5.3p is a space with two 
metric topologies: one induced from the C°° topology on J^V^^ and a "rough topology" induced by the 
C° topology on JV^f- Fix Jq G J^f. By Lemma [Ol there is a C° ball U C JV^ containing (Jo,0) that 
lies in J^V^j. Theorem 15.31 then shows that for a dense set of regular {J^v) in U the moduli space over 
(J, has a fundamental class 

[A^l'l„(^)] e i^.CATl'lJX), Z) (5.4) 

and that moreover, for a dense set of regular paths 7 in [/ with endpoints ( Jq, t'o) and (Ji, i^i), the images 
under the map induced by the inclusion 

[MtZi^)] = l^AZi^)] e H,(Ml^jX),Z) (5.5) 

are equal in the homology of the moduli space Ai^ over the path 7. 

For such finite dimensional topological manifolds all versions of homology are naturally isomorphic, 
but in what follows it will be more convenient to use Cech homology with rational coefficients, because 
it satisfies the following continuity axiom: 

]^MY,;Q)^ H,{Y;Q) (5.6) 



for any Yi — > l^+i — . . . inverse system of compact metric spaces with limit Y (cf. [Mil] ) . Cech 
homology with integer coefficients does not satisfy the exactness axiom for a pair, but with rational 
coefficients it does. 

Theorem 5.4. Fix {A,g,n) and J^Vdf o-s in 115. The fundamental class |5.^| ) extends uniquely to a 
Cech homology class 

[Mi.jxr^ e H4Mi,jX),Q) (5.7) 

defined for every domain fine J G JVdf with the property that for any smooth path 7 in JVdf from Jq 
to Ji the images under the maps induced by the inclusion 

[Mt,JX)r^ = [A7i,„(X)]- G H4M\^^JX),Q) (5.8) 
are equal. In particular, the GW class 

GWA,gAX) = (st X eY)4MXgjX)r-' G H4MA^g,n X X",Q) (5.9) 
is independent of J on each path- component of Jdf. 

Proof. For simplicity we write J to mean a pair (J, v). For each J G JVdf, consider the balls C J7V^ 
consisting of all J' whose distance from J in the W^'^ norm is less than 1/k. By Lemma [5.21 Bk lies in 
JVdf for large k. Furthermore, each B^ is path connected, contains a dense set of regular values J for 
which (|5.4p holds, and any two regular values are connected by a regular path for which (|5.5p holds. 

Choose a sequence Jk G B^ of regular points converging in C° 
to J and regular paths 7^ C B^ from Jk to Jk+i- For each m 

A™ = {J} U y 7fc 

is compact, and M.m = 'n^^(Km) = ^ sequence of 7 ^"\___^ J2 

nested compact metric spaces (cf. Theorem l4.3p whose intersection /^^—yly""^ J3 
is the compact space A^A,g,n(^)- 
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For each regular value Jk £ the images under the inclusions M. '' [X) ^ Mm determine a rational 
Cech homology class 

VFCn [Ma'^JX)] e H,(A7„, Z). (5.10) 

As in ()5.4p and ()5.5p . this class is independent of k, and these homology classes are consistently related 
by the inclusions A4mi ^ Mm^ for "^i ^ ™2- The continuity axiom of rational Cech homology then 
shows that there is a well-defined limit 

\m\x)]""- = \]^VFC„, e \\mH.,(MmM) = H.(MXgjX),Q) 

m m 

at each point J e J^df ■ If -ft'm is another such broken path, we can find regular paths between Jk and 
inside Bk as shown in the figure. Then (|5.5p shows that the two classes VFCm are compatible in the 

homology of the moduli space over K,n U K'^ U r„i ■ 

Relation (jS.Sp follows the same way by joining broken paths with different limit points in the same 

path component of J'df. Finally, observe that the rational classes ()5.9p are locally constant in J, so are 

constant on path connected components of Jdf- ^ 



6 The VFC for domain- stable moduli spaces 

The construction of the previous section gave a virtual fundamental class defined over the elements of J^V^ 
with domain-fine moduli spaces. We next extend the construction to the larger class of domain-stable 
moduli spaces by decorating their domains with twisted G-covers. 

Q 

As described after p.2p . an element of Ai {X) is an isomorphism class of data {f,C,p,J) where 
p : G ^ G is a G- twisted curve and f : C ^ X . The G-structurcs define a lifted graph map p.Sp into 

U X X C P*'' X X and an enlarged space of perturbations JV'^{X)] these perturbations depend on both 
/ and p. Over Jds{X) (but not over j7'V^s(X)!) the map (/, p) / that forgets the twisted G-cover 
defines a map t that appeared in (|4.ip and that fits into the diagram 

jf{X) ^jf{X) (6.1) 

t 

M{X) 

JiX) ^ JV^(X) 

Q 

Equivalently, t is the quotient map for the action of G on [X) by g[fjp] = [f,gp]- There is also a 
G-action on JV'^{X) induced from the action on universal curve u'^ , but the righthand vertical map in 
(|6.ip is not G-invariant. In this context, the results of Section [5] hold on the set J'V^ (A) of J G J'V'~^{X) 

Q J 

for which the moduli space M-A g „(A) is domain-fine: 

Lemma 6.1. Fix {A,g,n) and a finite group G. Then Theorems \ 5. 3\ and \5.4\ hold for the moduli spaces 
MAgni^) over JJVdf{X). Hence there is a well-defined virtual fundamental class 

[MliJX)r^ (6.2) 
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Proof. A pair (/, p) is ( J, i')-holomorphic is the same as its graph F is Ji^-holomorphic. Because of the 
domain- fine assumption, Aut(C, p) = 1 and hence F is embedding into the manifold P^-'^ x X. McDuff 

^ ^ Q 

and Salamon show (Chapter 3 of |MS| ) that generic perturbations of J^^ on W x X give regularity for 
somewhere injective maps. From their proof, one sees that it is enough to use perturbations of the form 
p.6p . As in Tlieorem l5.31 regular domain- fine moduli spaces carry a virtual fundamental class. The proof 
of Theorem 15.41 then applies without change. 

Note that, for regularity, the relevant linearization to the perturbed equation is obtained by varying 
fop through G-invariant maps. This variation is determined by the variation in / because the set of 
equivalence classes of twisted G-covers p : C* — > C over a fixed C is finite. (The linearization of the 
J-holomorphic map equation for the map / = / o p is a different operator with a different index) . □ 



We next verify that the classes (|6.2p are consistently defined when one replaces G by a larger group. 
Given an extension ^> G ^ A' — s> iJ — of iJ by G, there is an action of G on the space of /C-twisted 
maps whose quotient induces a map 

t:MlgjX)^Ml^JX) (6.3) 

defined over J{X) and more generally over JV^ (X) where JV^ {X) ^ JV^ {X) is the map v — > t*v 
induced by the map t : U U at the level of universal curves. 

Lemma 6.2. Assume J e J^{X) is domain-fine for both M-Ag 7ii'^) '^'^'^ ■^Ag ni-^)- Then the virtual 
fundamental classes of i6.3\) are defined and related by 



T^AM^'U^r'' = T^^t^Mfi^.ixr'- eH4MA:U^)M (6.4) 



Proof. Since the domain-fine is an open condition, there exists a sufficiently small G*^ neighborhood U of J 
m over which both moduli spaces remain domain-fine. By Lemma [Ol there is an open dense set 

of regular J' — (J,!/) in U C JV^f{X) and for these the moduli space M^'g^ni^) is a compact oriented 

topological manifold. For the pullback J' to J'V^{X) the moduli space {X) is by assumption also 
domain-fine, so the G action on it is free and therefore the linearized operator for the space of -fC-twisted 
maps (described in the proof of Lemma [6. ip is also regular. 

Thus Ai^'gni-^) is also a compact oriented topological manifold and the quotient by the G-action 
gives the map 

t :Mlg'jX) ^m":[^{X) 

which has virtual degree |G| = |i(r|/|i/|. Thus (|6.4|) holds for an open dense set of J' £ JV%{X) n 
JVdfiX), and hence for all J € jJJ (X) n j]^ (X) by the continuity construction of Theorem[01 □ 

Consider next a moduli space A^A,g,n(^) which is only domain stable, and therefore M^'g^ni^) will 

also be domain stable for any finite group H. Let G be any finite group with property (f) of Example 
^ y 

12.61 and consider the moduli space Ai {X) of twisted H x G-structures, which is then domain-fine, 
and therefore Lemma |6 . II applies to it. Referring to diagram (|6.3p . define 



[^iil^)]""- = 1^ t^MZ^/iX)]-^^ E H4m":U^)M- (6.5) 



Theorem 6.3. The moduli spaces A^^„„(X) over the space of domain-stable Jds{X) admit a virtual 



fundamental class S6. 5\) that 

(i) is independent of the G used in its definition, 
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(ii) is consistent under the quotient map as in ( |6'.^[ ), 

(Hi) for H = 1 it extends the one over the domain-fine J'df{X) defined by Theorem \5.4\ 

Proof. Define the virtual fundamental elass by (|6.5|) . If Gi , G2 are two finite groups that satisfy condition 

(f) of Example 12. 6[ then so does Gi x G2. Applying Lemma 16.21 to the diagram 

M^^'~^' {X) {X) shows that the virtual fundamental class (|6.5p induced by Gi and G2 are both 

equal to the one induced by Gi x G2 so (i) holds. Part (ii) follows in a similar fashion from Lemma 
Part (iii) follows by taking iJ = 1 in Lemma □ 

Remark 6.4. A little more work extends the virtual fundamental class of Theorem 16.31 over the space 
JV^{X) in diagramUm For each (J, v) G JV^{X), G acts on the moduli space m'^"^'^''\x) over the 
orbit [ly]. For a dense set of generic [J^v), the action of G on [J^v) will be free and the moduli space 

M.'^''''^'^\x)/G will be regular. Applying the limiting argument of Theorem 15.41 then extends the VFC 
over JV^JG and defines 

for aU J e Jds{X). 



7 Relative moduli spaces 

Q 

The complete set of moduli spaces Ma g ni^) extends to moduli spaces relative a divisor V C X. For 
G = 1, this was done in the |IPlj for smooth divisors, and was recently generalized in [12] to normal 
crossing divisors. This section reviews those aspects of the theory that are needed later. 

A smooth divisor V is an embedded codimension 2 submanifold of X that is J-holomorphic for some 
tame pair {J,uj). More generally, a normal crossing divisor in X is the union of closed immersed 
codimension 2 submanifolds that are J-holomorphic for some (J, uj) and are in general position (see 
Definition 1.3 in [12] for precise details). For each pair {X, V) there is a stratification of X whose depth 
fc > strata correspond to points in X where at least k different local branches of V meet. Moreover, 
for each integer to > there is an associated deformation space Zm over the polydisk whose total 

space Zm is a subset of a finite dimensional manifold. For smooth divisors V, the generic fiber of Zm 
is diffeomorphic to X and the central fiber is Xm = X IJ Fy U • • • U F\/ , obtained by attaching m copies 
of the compactified normal bundle Py = P(C © NV), identifying the zero section of one to the infinity 
section of the next. For general normal crossing divisors V there is a similar deformation space whose 
central fiber Xm is a level m "building" constructed from the strata of V. In all cases, there is also a 
map TTy ■ Xm —J' X that collapses all copies of Py to V. 

The relative moduli spaces are constructed in much the same way as the usual moduli spaces J^A.g.n{X) 
with three main differences (see HEI] and [E] for details): 

(a) One restricts (J, w) to be in the subspace J'^{X,V) C J^{X) of triples that satisfy a condition 
( "F-adapted" ) on the 1-jet of J along V . 

In particular, this implies that V is J-holomorphic, and thus some J-holomorphic maps into X can have 
components mapped into V . 

(b) For each map / S M.A.g,n{X) with no components or nodes mapped to V ^ one marks all the points 
in f^^{V) and records their intersection multiplicities s with the various branches of V to obtain 
an open set M.A,g,n,s{X, V) of maps with extra i{s) marked points and contact data s. 
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(c) For each s, there is a compactification J^A,g,n.s{X, V) as described in [12]. 

As a set, MA,g.n,s{X, V) consists of equivalence classes of certain type of maps f : C ^ X,n where maps 
are equivalent if they are related by an isomorphism of their domains and the rescaling of their target 
induced by the C* action on each positive level Py. While all these / are stable as maps into X^, 
their projections / = ttx o f to X may have unstable components that are mapped to a point of V. Each 
such component, called a trivial component, has its image in a fiber of Py and its domain is an unstable 
rational curve with precisely two marked points. When V is smooth, the maps / in the compactification 
have no nontrivial components in the total divisor of Xm , thus all nontrivial components of / have well- 
defined contact data to the total divisor and / satisfies a matching condition along the singular divisor 
of Xm (cf. [IP2| ). When V has normal crossings, trivial components of / in the singular divisor cannot 
be avoided, but then the nontrivial components satisfy an enhanced matching condition (cf. [E]). This 
matching can be expressed in terms of the inverse image of a certain diagonal A under an evaluation map 
Ev which fits in the diagram 

TT X se X Ev : MA,g,nAX) ^ J{X, V) x (AT<,,„+,(,) x X") x N^V (7.1) 

and which is a lift of the usual evaluation map. (As described in [12], Ev keeps track of the multiplicities 
s as well as of the leading coefficients of / at the extra £{s) contact points to V.) Such a map / is called 
relatively stable if its automorphism group is finite, or equivalently if / has at least one nontrivial domain 
component in each positive level. 

The relative moduli spaces come with several functorially-defined maps. There is a diagram 



MA,g.n AX, V)^-^MA,g 



(7.2) 



J{X, V)^ 



J{X) 



where tpv is the map that takes / to the map / obtained from nx ° f after collapsing all the trivial 
domain components of its domain: 




(7.3) 



Here C = ct(C) is called the contracted domain of /. It is different from the stable model st C, which is 
obtained by contracting all unstable domain components, not just the trivial ones. 

The normal crossing divisors in X form a directed system, partially ordered by inclusion; the smallest 
element is the empty divisor. There is a corresponding directed system of moduli spaces. Whenever 
V C V UV there is a diagram generalizing (j7.2[) 



MA.g,n,sUs'{X,VUV') 



MA,g,n+t'AX.V) 



(7.4) 



J{X, V U V) 



JiX,V) 



that forgets some components and that is compatible with the map (j7.ip . 
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In the special case of Diagram 1 7. 2 1 when {X, V) = (P\/, Vq), the projection tt : Py V induces a map 



MA,g,nAPv,V) M^,A,g,n+i(s){V) (7.5) 



JiPv,V) J{V) 

except when 7r*A ~ 0, g ~ and n + £{s) < 3. In this context, we enlarge the definition of "trivial 
component" of / to include unstable genus zero curves whose image under f : C V is a constant. 

Remark 7.1. As discussed in Remark 12.21 it is convenient to extend the definition of the moduli space 
■MA,g,n{X) into the unstable range A = 0, 2(7 — 2 + n < by defining A^o,g,n(-^) to be the topological 
space X X A4g,n. With this definition, the map (|7.5p extends to the unstable range. 



Most of the discussion in the previous sections extends to the relative case. The next several para- 
graphs describe the minor modifications needed. 

A. The topology of moduli space. The refined Gromov convergence described in [I2] similarly induces 
a metrizable topology on the relative moduli space. This topology is the same as the one obtained by 
regarding the relative moduli space as a subset of ■MA,g,n+e(s}{^) (with the images of all maps landing 
in the fibers of Z). A sequence fn '■ C„ ^ X oi relatively stable maps in Ais{X,V) converge if there 
exists an m and a sequence of rescaling parameters A„ £ (C*)™ of the target such that the rescaled maps 
R\„fm regarded as maps from C„ into the fiber of Z over An converge to a relatively map /o : Co — Xm 
into the central fiber of Z over A = 0. This now involves a choice of local trivialization/identification of 
both the domains and targets of the maps away from their singular locus. 

With the topology of Lemma |4?T1 the bottom map in (|7.2p is a continuous injection. We first give the 
relative moduli space MA.g,n,siX, V) the topology induced by puUback by the map ipv in (|7.2p from the 
Gromov topology on the absolute moduli space M.{X). The graph maps into U x Z similarly induce the 
metric topology on M{X, V). 



B. Domain-stable and Domain-fine. Definition 1 5 . II extends to relatively stable maps as follows. 

Definition 7.2. A map f £ A^A,g,Ti.s(^i ^) domain-stable (resp. domain-finej if f is domain-stable 
(resp. domain-fine). 

With this definition a moduli space AiA,g,n,s{X,V) is domain-fine iff its image in A4A,g,n+e{s){X) 
under the map (j7.2p is domain-fine. 

Q 

C. Twisted G-structures. In the decorated version of the relative theory, the moduli space M.^ {X, V) 
consists of equivalence classes [/, p] where p : C — > C is a twisted G-cover and f : C ^ Xm is a smooth 
map in a level m building as before. The equivalence relation is now up to isomorphisms of the twisted 

— Q 

G-covers p : G — ?> G as well as the (C*)™ rescaling action on the target Xm- The moduli space M.^ {X, V) 



comes with a natural G-action whose quotient {X,V)/G — Ms{X,V) is the original undecorated 
relative moduli space. 

D. Gromov- type perturbations. In Diagram 17.21 the image of J'^{X,V) in J'^{X) may not contain 
any regular J. Thus we will enlarge J^{X, V) to space JV^(X, V) of perturbations using the construction 
of Section [3.11 Note, however, that this new space JV^{X,V) does not embed in the space JV^ of 
Section 13.11 



Regarding relatively stable maps as maps into the fibers of Z, there is a graph map F : C ^ U x Z 



as in p.Sp with U = i^nn+e(s)- Again, we fix an embedding U — P^^. Let JV {X,V) be the space 
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of tame pairs { Ji^,lu) on U x Z where J^, generalizing (j3.6p . preserves the fibers of both the universal 
curve U and of Z, and also satisfies the ^-compatibility condition (see Definition 3.2 of |IPlj and its 
extension [E])- Note that the graph map factors through C, so trivial components remain trivial under 
these perturbations. 

Diagram (|6.ip similarly extends to the relative case. 

E. Twisted decorated relative moduli spaces. To describe a smooth model of the relative stable 
map compactification A4s(X, V) for domain-fine maps, we also need to include a choice of roots of the 
leading coefficients of / at all the contact points with the total divisor (see [IT] and HI])- Adding a 
choice of these roots defines another resolution Ai {X, V) — > V) of the relative moduli space and 

Q g Q 

more generally Ai ' {X, V) AA^ {X, V) of the decorated relative moduli spaces for any finite group G. 
These fit as the top row in the diagram: 

M^-\X,V)^^M\X,V) (7.6) 



m':{x,v)^^Ms{x,v) 

The moduli spaces in the top row come a natural action of /ig, the product of the cyclotomic groups of 
roots of unity at each one of the contact points to V , whose quotient gives rise to the moduli spaces in 
the bottom row, while the moduli spaces in the left column come with a natural G action whose quotient 
are the spaces in the right column. There is of course also a symmetric group action Se reordering the 
contact points to V. 

Example 7.3. For a fixed nodal marked curve (C, x), the relative moduli space A4s{C, x) is the space of 
admissible covers constructed by Mumford-Harris, and while its resolution M. (C, x) is the moduli space 
of twisted (balanced) covers constructed by Abramovich-Vistoli. Moreover, when Aut (C, x) = 1, the 
space of twisted G-covers of (C, x) considered in [ACV] is a particular example of the relative moduli 
space Ai^{C,x) of twisted covers p:C-^G. 

When G = 1 and V is smooth, the boundary strata of M (X, V) consisting of maps into a level 1 
building Xi = AT U P\/ can then be described in terms of its resolution 

M\x,V) XEvA7''(Fy,KoUyo) ^A4(A,F) (7.7) 

obtained by (a) ordering the marked points corresponding to the nodes along the singular locus V = Vao , 
and (b) choosing a root of the leading coefficients of / at these nodes. The local model of the relative 
moduli space near / is 

A = aibi^'l^ = . . . = aebtfig' (7.8) 

where Oi, bi are the leading coefficients of / at the node Xi. The zero locus of equation ()7.8p is not smooth 
at the origin when £ > 2. One obtains a smooth resolution of (|7.8p by a base change after replacing the 
variables (a^, bi) with (a^, /3i) where a^' = ai and f3p = bi. The antidiagonal fi^ action preserves the ai/3i 
and gives rise to the balancing condition. There is also a symmetric group action Se that reorders the i 
nodes. 

With this set-up, the results of [IPl] and [E] (including the gluing theorem and the local model of 
the moduli space that describes how the strata fit together) then imply: 

Lemma 7.4. For a Baire set of J G J'Vj^(A, V), called "generic J", the relative moduli space ■M'AlgJii^ ^ ^) 
is a compact oriented manifold of dimension 

L = 2ci{X)A -2V ■A+ {dimuX - 6)(1 - g) + 2{n + £(s)). (7.9) 

Furthermore, the statements in Theorem \5.3\ about generic paths also hold in this context. 



19 



With this lemma, the constructions of Sections [5] and [5] apply, yielding a virtual fundamental cycle. 

Theorem 7.5. The collection of moduli spaces in diagram J 7. 6] ) admit compatible VFCs over Jds{X,V), 
and for any path between Jq and Ji in J^s 1^) the VFC over Jq and Ji have the same image under 
the inclusion maps as in |5.7| j. In particular 

extends the one of that appears in 16.5]) when V = 9- 

Remark 7.6. The symmetric group Si acts on the extra £ = i{s) contact points to V inducing an action 
on the moduli space Ais{X, V) over J^{X). In the arguments that follow, it will be convenient to also 
consider the quotient by this Si action, in which case the resulting relative moduli space 

M^^X, V) = mUx, V)/Si^,j (7.10) 

will be called the symmetrized relative moduli space and the subscript s will change to [s]. It has a 
corresponding VFC 

[Mig,^,[4X,V)r^ = J-^n4Mi^^,,^4X,V)r^ e H4Mi^^,,^4X,V);Q) 

defined as the pushforward by the quotient map tt : M-s{X,V) Ai[s]{X,V) over Jds{X). With this 
definition, the symmetrized relative GW invariant corresponds to an unordered sequence of £ multiplicities 
[s] and is equal to 

GW^s] = ^GWs e X (Mg^n+e x V^)/St,Q) 

The upshot of this discussion is that the symmetrized relative moduli space Ai [s] {X, V) also has 
smooth representatives constructed by breaking the symmetry and turning on a generic (non-equi variant) 
perturbation. To fully break the symmetry, one needs to order the marked points and the components 
of the domain, add a suitable group G for genus g > 1, and finally also add the roots of the leading 
coefficients. 



8 Stabilizing divisors 

This section introduces the notion of a stabilizing divisor for a pair (X, V) where V is a normal crossing 
divisor in a closed symplectic manifold X. Stabilizing divisors will be crucial in the next two sections. 
Here we present some of their important properties and show that Donaldson's Theorem implies that 
stabilizing divisors exist in abundance on any symplectic manifold. 

To start, we fix X, a normal crossing divisor V and a subset B of J^(X, V). To enumerate the strata 
of moduli spaces, let 

Ce,b 

be the collection of all triples {A, g, k) with Q ^ A E H2{X) such that: 

(i) E{A,g) = max{a;(^),35 - 3} < ( "energy less than E''). 

(ii) For some J G _B, A is represented by a ,/-holomorphic map from a genus g curve into the stratum 

of (X, V) with depth fc > (including the top stratum V° ^ X). 
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Definition 8.1. A smooth codimension 2 submanifold D <Z X is an _E-stabilizing divisor for (X^V^uj) 
on B if 

(i) D is transverse to V and there exists (w, J') G J{X, V) in B such that D is J' holomorphic. 
(a) D is sufficiently positive in the sense that 

D-A>ci{V'')A + dimcV'' + 2g + l for all {A, g, k) e Ce,b (8.1) 

where is the smooth resolution of the closed stratum of V (cf. Jl^)- 

If D is a stabilizing divisor for (X, V) we let Jo{X^ V) be the set of all (J, cj) S J{X^ V) such that D is 
J-holomorphie . 

Proposition 8.2. Suppose that D is an E-stahilizing divisor for {X^V) at the point B ~ (Jo,wo) in 
J{X,V). Then there is a C° hall U around B in Jjj{X,V) such that for an open dense and path- 
connected set U of J E U : 

(a) the only J -holomorphic genus g maps into D with E(A,g) < E are constant; 

(b) the relative moduli spaces 

■^A,g,n.s(^> ViJD) with E{A,g) < E are domain-stable; 
Statements (a) and (h) remain true in generic 1 -parameter families {Jt} in U. 

Proof. This follows by a standard dimension count argument; note that both conditions (a) and (b) are 
C°-open conditions on J. For simplicity, we first prove this for the case F = 0, in which case (|8.ip 
becomes 

D ■ A>ci{X)A + dimcX + 2g + l for a\\ {A, g) £ CeJo (8-2) 

First notice that (j8.2p is a topological condition on what kind of strata appear in the moduli space 

M (X) below energy level E. By Lemma [A.Si there is a C°-ball U around Jq with Ce.u ~ Ce,Jo^ ^o 
the inequality (|8.2|) holds for all non-trivial J-holomorphic maps with J £ U. 

Assume next that dimZ? > (the result is trivially true otherwise). Then below energy level E, the 
expected dimension of the moduli space A4A,g,a{D) is 

dime MA,g,o{D) - ci{D)A + {dime D~ 3) {1-g) 

= ci{X)A - DA + 2g-3 + dime D - (dime D - l)g 
< —dime X + dime D — 'i — (dime D — l)g < —1 

where for the first inequality we used (|8.2[) for any J £ U. The standard transvcrsality argument at a 
somewhere injective map |MS| implies that for generic J inU there are no simple smooth J-holomorphic 
maps into D, and thus no multiple covers either, and this is true in a generic 1-dimensional family of J's. 
Therefore the only J-holomorphic curves in D below energy level E are constants, and these have stable 
domains. Furthermore, in the relative moduli space M{Vd, Dqo U Dq) we see only multiple covers of the 
fiber (relative both and oo) and these all have stable domain except for the trivial covers. Similarly, in 
A4{Vd, Doo) we see only multiple covers of the fiber relative oo only, and these have stable domain unless 
g = 0, £{s) > 1 and n -{- £{s) < 2, i.e. are trivial components. 

Next, by (|8.2p the expected dimension of the relative moduli space MA,g,n.s{X, D) is 

dimcMA,a,n.siX,D) = ci{X)A+{dimcX-3){l-g) + n + e{s)-D-A 

= ci {X)A ~ D ■ A + 2g ~2 + n + £{s) + (dime X ~ - g) 
< -dime X -\-£{s) -\-n-3-\- {dime X - g) 
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If the domain is unstable, that is g < 1 and £{s) + n < 3 — 2g, this gives 

dime MA,g.nA^^D) < -1. 

Thus for generic J G U (even in a generic path) there are no simple, smooth maps with unstable domain 
in J^s{X, D), and therefore there are no multiple covers other than the constants (below energy level 
E). Recalling the first part of the argument, we conclude that for generic J all maps in Ais(X, D) have 
stable domains, and the same remains true in generic paths of J's. This proves (b). 

Next consider the general case when V is a normal crossing divisor in X . Then the proof follows the 
same outline as above, except that now V induces a stratification of X: the depth k piece V'' is where at 
least k branches of V meet (here fc > includes V'^ = X); V'' is smooth away from higher depth stratum 
and conies with a smooth resolution V'' — s- V'''. Because we are now restricted to J G JiX, VUD), to get 
transversality for the first part of the argument we need to work separately with simple maps into each 
stratum V'' D D which are not contained in any higher depth stratum. Any such J-holomorphic map lifts 
to a map in the resolution , with image not contained in the higher depth stratum of V'^ . Furthermore, 
if A denotes its homology class, then ci{V^ fl D)A = ci{V'^)A — D ■ A. The dimension count then shows 
that the only maps into D below energy level E are constants. For the second part of the argument, for 
each smooth, simple map / G M.{X, V iJ D) consider its projection / to M.{X, V) under the map that 
collapses all the levels over D, but not those over V . There are two possibilities for this projection. If 
/ is a map into Z?, then by the first part of the argument it is constant; thus / is a map into a fiber of 
(Pd, £'o U -Doo); these all have stable domains except for the trivial maps. Otherwise / is a map into one 
of the strata that does not lie entirely in the higher depth stratum oiVVJD] then / has a lift to a 
map in a relative moduli space Ms{V^ ^ n Z3), where r\D \s the resolution of the lift of the divisor 
y'^+i {^DtoV^. The dimension of this moduh space is ci{V^)A~- D ■ A + (dimc^'' - 3)(1 - g) + £(s) + n 
which is similarly negative by (|8.ip if the domain is unstable. 

Finally, note that (a) and (b) in the statement of the Proposition are both open conditions, thus 
the subset U of [/ on which they hold is open and dense set. Moreover, since U is path connected and 
properties (a) and (b) hold for generic path in U then U is also path connected. □ 

The arguments in the next section require a very controlled statement for the existence of stabilizing 
divisors. The following lemma shows that stabilizing divisors exist for a dense set of tame pairs (J, 
in the spaces J{X) and J{X,V). Below we work in C°-balls i?e in space of pairs (w, J) adapted to 
V. Since (wc^o) are compatible, for e small such balls would consists of tamed, hut not necessarily 
compatible pairs. 

Lemma 8.3. Fix an energy level E and a compatible structure {X, Jq,luq) and let denote C'^-ball 
around (Jq,ujo) as above. Then there exists an Eq > such that, for any < e < Sq, 

(a) There exists an E-stabilizing divisor D for X on Bg d J'(X). 

(b) If V is a normal crossing divisor for [Jq,uj^), there exists an E-stabilizing divisor D for {X,V) on 

B,r\j{x,v). 

(c) Given (Ji,a;o), (^2,^0) G -Be and normal crossing divisors Vi,V2 in {X, .Ji,ujQ), there is a path Dt 
of E-stabilizing divisors for X on B^ whose endpoints Di are E-stabilizing divisors for [X, Vi) on 

B,nj{x,v,). 

Proof. All three statements follow from Donaldson's Theorems |D1| |D2| and its extensions by Auroux 
[Alj ; related statements were also proved in jCMj . We include here an outline of the proof for the specific 
form stated above. 

First, by Lemma I A. 5 1 there exits an Eq > such that the C° closed ball Bq centered at (Jo,wo) 
and of radius £0 satisfies Cb,e = Cj^^e- Furthermore, there is a lower bound ujo[A) > 2ao > for all 
{A,g, k) G Cjg.E Thus after shrinking eo we may assume that 

u:{A) > ao > (8.3) 
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for all (a;, J) G Bq and {A,g, k) in the finite set Cb.e- 

Now fix a C" ball B ^ about the compatible pair (wq, Jq) with e < sufficiently small so that 
all J € _B are tamed by all the w's in B (being a tamed pair is an open condition). Choose a compatible 
pair {J',Ld') in a ball B' = -Be/4 with w' representing a rational cohomology class. Donaldson's Theorem 
implies that there exists constants me,Ce such that for any m > m^, there exists a smooth divisor D^n 
representing mw' and which is Cem""'^/^- J'-holomorphic. Hence for sufficiently large m: 

• there exists an almost complex structure J„j on (X, D„i) such that \Jm~ J'\c° < e/4 (sec Appendix) 
and therefore & B Ci J{X, D^). 

• Dm satisfies (|8.2p on B because D„^ ■ A = mijj'{A) > maQ by (|8.3|) . 

Therefore Dm is an i?-stabilizing divisor for X on B, as statement (a) asserts. 

Next, given a normal crossing divisor V in (X, wq, Jo), similarly we can find a compatible pair ( J', w') 
in = B^/2 such that a;' is rational and J' is adapted to V (so (a;', J') G J7'(X, F)). For any 77 > small 
similarly by the results of Donaldson and Auroux, there exists constants Cg , (which depend also on 
77) such that for each m > there is a smooth divisor Dm with the following properties: (i) Dm is 
Poincare dual to muj' (ii) Dm is Ce'm~^/^-J' holomorphic and (iii) Dm is 77-transverse to every stratum 
of V . As above, Dm satisfies (|8.2p on B for all large m. Then we can construct a Jm within e/2 in C° 
from Jo (cf Appendix) such that Jm is Dm U V adapted. Therefore Dm is an i?-stabilizing divisor for 
(X, T^) on i3e n J{X, V) . Note that the construction in the Appendix gives rise to a Jm which is tamed 
by Wq for e small but perhaps not compatible. 

The proof of (c) is similar. For z = 1, 2 we can similarly find 14-adapted, compatible pairs (w', J[) with 
the same rational w', and a path (w', Jj) of compatible pairs in B^/4^ between them. Applying Donaldson's 
Theorem to the path (w', JQ shows that, for each 77 > small enough, and each large m, there is a family 
Dt^m of smooth divisors with the following properties: (i) they are Poincare dual to muj' (ii) Dt^m are 
Ce?7i~^/^- Jj-holomorphic and (iii) at the endpoints Di^m are 77-transverse to Vi for 7 = f , 2. Again, (|8.3|) 
also implies that (iv) Dt^m satisfy (|8.2|) on i3 for all < t < 1. Then the construction in the Appendix 
produces a perturbed path J" of almost complex structures on X still within e/2 of Jq (thus tamed by 
Wo) such that J" is adapted to -Dt,m for all t and moreover at the endpoints J" is adapted to Vi U Di^m- 
Therefore Dt^m is a path of i?-stabilizing divisors with the properties stated in (c). □ 

Remark 8.4. By first deforming a; to a rational form and then using Auroux's generalization |A2| of 
Donaldson's theorem, we can similarly find stabilizing divisors representing the Poincare dual of r + kuj 
for any r G H^{X, Z) and k > sufficiently large. The case r = ci{TX) is useful in certain applications. 



9 The stabilization procedure 

When D is an ^^-stabilizing divisor for a normal crossing divisor {X, V) it is useful to define a space 
of "weakly compatible" almost complex structures: we let J'^ {X, V) denote the subspace of J^{X, V) 
consisting of all J such that 

(a) D is J-complex; 

^ ' (9.1) 

(b) All J-holomorphic maps / into D with E{f) < E and g < E are constant. 

Here (b) replaces part of the definition of U D-compatibility, the 1-jet condition on J along D in 
Definition 3.2 of [iPl]. This 1-jet condition was used only to prove that the linearized normal operator 
D^ is complex linear (Lemma 3.3 of |IP2j ) . But conditions (a) and (b) above also imply complex linearity 
because D'f is complex linear for constant maps. Thus all results in [IP2j hold for weakly compatible J. 
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For the remainder of this section, fix a normal crossing divisor V in X and a compatible pair (wq, Jo) 
in JiX, V). Then fix topological data {A,g) and an energy level E with E{A,g) < E. Thirdly, fix a C° 
ball B = C J{X^ V) centered at Jq and small enough that Lemma [5751 applies. 

Let D be an ^-stabilizing divisor for (X, V) on B, which exists by Lcmma [575b . The proof of Theorem 
17.51 combines with the discussion above to give the following: 

Lemma 9.1. Assume D be an E-stabilizing divisor for {X,V) on B, and E{A,g) < E. Then for each 
J G Jd (X, V) D B there exists a virtual fundamental cycle 

[A7to(^,^UZ?)]-'^ Gff,(ATi^,„^,(X,FUD);Q) (9.2) 

which is independent of J, that is for any path 7 between Jq, Ji G J7d {X, V) Cl B the image under the 
inclusions are equal: 

[Mtg,n,siX,VUD)r = [M'l,,UX,VUD)r^ eH4Mlg^^JX,VUDy,Q) (9.3) 

Proof. Applying Proposition 18.21 at each point of the non-empty path-connected set J']j{X,V) D B and 
taking the union shows that there is an open, dense path-connected subset U of {X, V) D B so that 

(i) U C JiX, V; D) and 

(ii) M.A,g.n,s{X, V yj D) is domain-stable for all n, s and all J &tj . 

Theorem l7.5l then gives a well defined VFC on U . This then extends by continuity to the entire Jd {X, V)r\ 
B with the fact that U is open, dense and path connected subset of Jo{X,V) fl B, and that any path 
in Jd{X, V) C] B can be approximated by a path in U (the set of paths in U are dense in the set of all 
paths in JD{X,V)r\B). □ 

Now consider the component of the moduli space in (|9.2p with s' = sU[f], that is, the compactification 
of the space of stable maps that intersect V with multiplicity vector s and intersect D aX A - D unordered 
points each with multiplicity 1. As in Diagrams (|4.ip and (j7.2p there is a projection 



MA,g,n.s'{X,V\jD) 



MA,g,nAX.V) 



(9.4) 



where is the composition of the map in diagram (|7.4p that forgets the branch D with the map that 
also forgets the marking of the contact points to D. 

Definition 9.2. // D is any E-stabilizing divisor for (X, V) on B , for any J 6 Jd{X, V)f^B the image 
of the homology class 119. S^) under (pu defines a class 

VFC'i =^ ^z3*[A7ig,„^.u[i](^,^Ui?)]-^Gil4A^to(^,^);Q) 

Here [1] means that we first divide by the symmetric group action reordering the contact points to D as 
described in Remark 17.61 

As defined VFC'Jj depends on the choice of D (as well as V and A^ g, s which arc assumed fixed in the 
discussion below). The remainder of this section is devoted to showing that VFC"^ (D) is independent of 
D in an appropriate sense. 

The next step is to prove that these virtual fundamental classes are consistent for different choices of 
D. We start with the following preliminary result which is a simple consequence of another result which 
is proved in a separate, independent Section If. 
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Proposition 9.3. // D and D' are E-stabilizing divisors for V on B then for any J £ B Cl JduD' {X, V) 
( if one exists ) 

VFCi = VFC-l, e H4M''^^g^„jX,V),Q). (9.5) 

Proof. By a slight modification of Proposition 8.2, tliere is an open dense and path connected subset U of 

BnJouD'iX, V) on which both (a) tlie moduh spaces M''^ g n su[i]iX, VDD) and A^A,g,n,su[i] VliD') 
are domain-stable and (b) there are no J-holomorphic maps into D or D' other than constants with energy 
less or equal to E{A,g). The assumptions of Proposition 111.11 then apply for any J G U to give: 

for all J 6 ?7 which then extends by continuity to all J £ S n Jdud'{X, V). □ 

Theorem 9.4. Assume D and D' are E-stabilizing divisors for {X,V) on B. Then for any J B H 
Jd{X, V) and J' E B Ci Jd'{X, V) there exists a path j in B n J{X, V) from J to J' such that 

VFCi = VFCi, G i?,(A7l,g,„,,(X, V), Q) 

after inclusion. 

Proof. For simplicity, set J — J{X^ V). Use Lemma 8.3 (c) to find a path Dt of i?-stabilizing divisors on 
B for (X, V) and whose endpoints arc ^-stabilizing divisors for {X, V U D) and respectively {X, V iJ D') 
on B thus B n JbuDo ^ ^^^^ ^ ^ Jd'uDi 0. Since B n (UtJ/ot) is path connected, wc can therefore 
find a path 70 = { Jt} such that Jt E B n Jot and with endpoints Jq £ BC\ JddDq and Ji G S H Jd\jDi ■ 
The VFC'l^^ is well defined and becomes constant in t after inclusion in H,,{JV{'"{X),Q) 

Moreover, since the endpoints Jn E B Ci JduDq and Ji E B r\ Jd'vjDi then Proposition 19.31 applies to 
give 

VFCi^ = VFCi^^j,^^ = VFCil VFC'J, = VFC'j,^^^ = VFCi\ 

Next, B n Je, is path connected, so we can find a path 71 in _B n from J to Jq on which the VFCo 
is well defined and moreover 

VFCi = VFC-j^ 

after inclusion in H^{J\/C^ {X),<Q). Similarly, we can find a path 72 in i? n Jjji from Ji to J' such that 
after inclusion in H^{JV['^ {X)^Q) 



VFC'lj = VFC-}^ 



Now let 7 denote the concatenation of the path 7i#7o#72, which is a path in i? n J{X^ V) from J to J'. 
After inc 
equality 



After inclusion into H{JV[' [X)^'S^)^ combining the last 3 displayed equation above then gives the desired 



VFCi, = VFC'J = yFC^" = VFC-jj^ = VFCIj\ = VFCi, 



m H{M'^{X),Q). □ 
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10 Defining the VFC via stabilizing divisors 



Wc can now, at last, complete the proof of Thcorem ll.6l bv defining a virtual fundamental class for any 
pair {X, V). The context remains the same: X is a closed symplectic manifold and V C X is a. (possibly 
empty) normal crossing divisor for some compatible structure (w, J, g) on X. We will also fix an energy 
level E and work with data {A, g) below energy E. 

Proposition 10.1. Let V and {X,uj,J) be as above. Then as long as E{A,g) < E: 

(a) For any shrinking sequence Bi of balls in J{X^ V) centered at {uj, J) there exists stabilizing divisors 
Di for (X, V) on Bi and a sequence — > such that 

(i) for generic (w, Ji,!/^) G SfV Di{X,V) with {uj,Ji) £ Bi and < Si, the symmetrized relative 
moduli spaces 

are domain-stable smooth global quotient orbifolds. 

(ii) After forgetting Di, their actual fundamental cycles pass to the limit to define a rational Cech 
homology element 

lim m4A^Ar„,.vu[i](^,v^u A)] e H,(Mi^g,n.sM^yy^ Q)- (10-1) 

(b) The class 110. 1]) is independent of the choices made in (a) and is invariant under deformations of 
the compatible pair {uj,J) inside J{X,V). 

Proof. For this argument we are working in the neighborhood of a fixed moduli space M {X,V) = 
A^^ g „_^(X, F); in particular A,g,n,s will be fixed, where E{A,g) < E. 

Consider the sequence of C"-balls i?„ = B{J, i). For each n, by Lemma 8.3 (b) there exits an E- 
stabilizing divisor for {X,V) on S„ thus Jd„{X,V) n S„ ^ 0. Pick J„ G Jd„{X,V) n B„ and 
consider the class VFC'^ defined in Definition 19.21 

Now use Theorem 19.41 to construct paths 7„ in Bn from J„ to Jn+i, arid let Km be the union of Jq 
with the paths 7„ for all n > m, as in the proof of Theorem 15.41 Then under the inclusion /\„ ^ Km- 

VFCj^l = VFC'ljl e H4Mm,Q) 

for all n > m, where Mm is the moduli space M-{X, V) over Km- This means that the VFC passes to the 
limit to give a class in H^{M' {X, V), Q). Independence of the sequence D„, J„ is proven by the ladder 
argument: if {Dn, Jn) and (-D^, J^) are two such sequences. Theorem 19.41 provides paths (5„ in that 
together with the original paths form the ladder. 

This shows that (jlO.ip is well defined, independent of choices made. This class is invariant under 
deformations of (cj, J) in the sense that for any smooth path 7 of compatible pairs (wt, Jt) & JiX, V) 
the two VFC have equal inclusions into the Cech homology of the moduli space over the path: 

VFC J, = VFC J, e i7,(A7i<,,„,,(X, V);Q) 

This follows from a similar continuity argument using the fact that 7 is compact, by taking _B„ a finite 
cover of it with balls of radius 1/n centered at points in 7. □ 

With {X,V) and E > E{A,g) as above, consider a shrinking sequence Bi of C" balls around (w, J) 
in J{X, V), and pick ii^-stabilizing divisors Di for {X, V) on Bi. 
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Definition 10.2. The virtual fundamental class of {X,V) is the rational Cech homology class 

[m'a cj n six, V)r^ =^ lim V^DAMA.g.n,suli]{X, V U A)]""^ G H*(M'\x, V); Q) (10.2) 
and the corresponding relative GW invariant is 

GWA.,g,nAX,V) - se4MXg,n.AX,V)r^ e H,(Mg,n+i(s) X N,V) (10.3) 

By Proposition 110.21 3. the virtual fundamental class is well defined, independent of the choices made 
in its construction. Thus we have completed the proof of Theorem ll.Gl of the introduction. In particular, 
in terms of GW invariants, we have the following: 

Corollary 10.3. The relative invariant I110.3\) is well-defined and invariant under deformations. When 
X is semi-positive and V is empty, it agrees with the invariant GW{X) defined in 11 RJ^ . and when V is 
smooth it agrees with the relative invariant ofGW{X,V) defined in UPll/ . 



11 The symplectic sum formula 

It remains to prove equality (j9.5p . To that end, we will prove Theorem I ll.li which immediately implies 
(j9.5p . The proof uses some results that were first proved in the algebraic geometric context; we give 
independent proofs by symplectic methods in Section 12. 

Theorem 11.1. Assume D is a stabilizing divisor for a normal crossing divisor V in {X,lo, J) such that 

(a) the moduli space Ai j^ g „ s^^X, V) is domain-stable and (h) there are no J -holomorphic maps into D 
other than constants with energy less or equal to E(A,g). Then 

[Mig,„,^,AX,V)r^ = V^D4Mi^g,n,s.^li]{X,VUD)r e H*{Mi^g,u,sAX,V)M (11.1) 
where tpu^ is the map in diagram 

Proof. This follows from a very simple case of the symplectic sum formula and a calculation of the 
resulting correction terms. Assume for simplicity that V is empty and consider the trivial decomposition 

X = {X,D) # {Fd,D^). (11.2) 

The symplectic sum formula, as proved in jIP2| . relates the absolute moduli spaces of X to the relative 
moduli spaces of {X,D), (Pd,-Doo) and their overlap {Fd,Do U Dqo)- It was proved in |IP2| under the 
assumption that the moduli spaces involved are domain-stable (or more generally "irreducible" ) ; this is 
precisely the context in which it will be used in this section. 

Assumption (b) implies that each J- holomorphic curve in (Pd,-Doo) represents when projected to 
D, so is a multiple cover of a fiber of Pd. The moduli space MdF{FD, Doo) of maps representing d times 
the fiber class is a (singular) fibration over D 

MdF(fD,D^)^D (11.3) 

whose fiber is the relative moduli space A4d{F^, oo) associated to the principal C*-bundle of the normal 
bundle to D. This allows us to calculate its VFC as in [MP], and ultimately show that all correction 
terms in the sum formula vanish. 
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More precisely, by assumption, all moduli spaces are domain-stable (or otherwise cut transversely 
except at ghost maps) and thus the sum formula of |IP2j applies. After pushing forward by (/Jo, all the 

terms lie in H^{A4'^ g „(-Y); Q) and the sum formula gives 

= y^Pr,^^*{vi^)^vD*w^s{x,D)r'^ x^D*\Ms{^D,Doo)r' (11.4) 

where the second equality holds because the Poincare dual t^a of the diagonal is pulled back from D. 
Relation (jll.4p can be regarded as an expansion where the leading term is the trivial contribution 

\MA^gAX)Y"" = </pi547Wa,<,,„Ji](^,^)]"'''+ correction terms (11.5) 

while the correction terms can come, in this case, only from contributions of multiple covers of the fibers 
of Pi). In fact, all the correction terms vanish as follows. First, equation (2) in |MPj . which is reproved 
in Lemma [12.21 below, implies that 

\MdF{^D,D^)r'' = ctop{EMTD) n [ATdj.(Pz5,i^oo)]"''" (11.6) 

where E is the Hodge bundle, wzr^ is the relative obstruction theory of the fibration MdpiJ^D, Doo) D, 
and where the virtual class has been extended to the unstable range as described in Remark [7. II Therefore 

<fD4MdF{PD, D^)r- = Ctop{E m TD) n VD*\MdF{^D.D^)Y'''- 

and, from Section 1.2 of jMPj . 

fD*\MdF{^D,D^)r'- = st,[ATd(P\oo)]-"- X [D]. (11.7) 
On the other hand, equation (9) of |FPj shows that the "1-point ramification cycle" 

sU\Md,g,nA^\^W'''' e H,{Mg^n+l(s)) (11-8) 

vanishes except when (d, g, n, s) = (1, 0, 0, 1), which corresponds to a degree 1 trivial component; in this 
case the corresponding class is equal to [pt] £ -ff*(A^o,i) = E[o{pt). Together, the last three displayed 
equations give pi.ip in the case where V is empty. 

This argument extends for the case of a normal crossing divisor U D in which case (|11.2p is replaced 
by the decomposition 

{X,V) = iX,VUD) # (Pd.FvUD^) 

D=D^ 

coming from an iterated symplectic sum as in |I2] . After pushing forward hy (pn, the sum formula (|11.4p 
similarly becomes 

[M{X,V)r'^ =T.J(jy, Ev*(^Ao) n {^D4MsiX,VUD)r- x ^d4Ms{Pd,Fv U D^)r-) 

under the domain-stable assumption, extending ()11.4p . The calculation of the correction terms and their 
subsequent vanishing proceeds along the same lines. □ 
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12 Moduli spaces of maps into fibers 



For completeness, we will give independent proofs of (|11.6p and (|11.7p . which were proved in }MP| in the 
algebraic geometry context using virtual localization. This method has not yet been fully extended to the 
symplectic setting, so we cannot directly quote their result. Instead, we will use the fibration structure 
(|11.3p and an application of Taubes obstruction bundle to give a purely symplectic proof. 

Let Nd — > Z? be a complex line bundle over a smooth symplectic manifold. Its compactification 
Pd = P(D © C) is a bundle tt : Pjj — D with an infinity section Doo- In this section we calculate the 
virtual fundamental classes of the relative moduli spaces 

MdF,g,nA^D.Doo) (12.1) 

of maps f : C that represent multiples of the fiber class F in _ff2(lPD) and have contact multiplicity 

s along the infinity section Doo- 

Fix an almost Kahler structure J) on P^ for which the fibers are J-holomorphic. The maps in 

(|12.1|) are J-holomorphic maps into Pc that project to constants into D, and thus are multiple covers of 
a fiber relative the point on the infinity divisor. In particular, the fiber of 

7^:M'!iF,g,n.s{^D,D^)^D (12.2) 

at a; £ D is the relative moduli space M.d{Fx,Xoo) of the fiber of Pd — > D. Each fiber is isomorphic 
to A^d(P^, oo), but not in a canonical fashion because of the automorphisms of (P"'^, oo), and (|12.2|) is in 
fact the A^(;(1P^, oo)-bundle associated to Nd — > D. This fits in the diagram 

uUa^n.siJ'D^D^) (12.3) 



>'o,g,«+£(^) Mg^n+H X D 

of spaces over D. Our goal is to prove the following result (and its generalization to the relative context): 

The 

fies 



Theorem 12.1. The space „ „ ^(Pzj, -Doo) has a well-defined virtual fundamental class and it satis- 



[D]eH,iMiD)) */(d,.g,n,s) = (l,0,0,l) 
otherwise. 



The proof is obtained from the decomposition of the VFC induced by the diagram (|12.3p . 

Lemma 12.2. The space Ai^ip g „ s(Pd, -Doo) has a well-defined virtual fundamental class and it satisfies 



^D4MdF{PD,DooW"' = ctop{E K TD) n (Pu, .Doo)]""'" e H^Mg.n+i X D) (12.4) 

where 

[A7^p(Pz3,-Doo)]""'" eH4Mlp{¥D,D^)) (12.5) 

is the relative VFC associated to the family of maps into fibers of tt parametrized by D, induced by the 
fibration tt in il2.3\) . Moreover 

'PD*[MdF{PD,D^)r'-' = st4Md{^\oo)r'- X [D] e H,(Mg,n+i X D) (12.6) 

where [A4j_{¥^ ,00)]'"^^ £ F[^{A4g n+e) is the VFC of the relative moduli space of degree d maps into P^ 
relative one point 00. Its pushforward ill. 8]) vanishes unless {d,g,n,s) = (1,0,0, 1). 
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Proof. Whenever 2g — 2 + n + £{s) > all the moduli spaces in p2.3|) are domain stable (for any J!). 
Theorem 17.51 therefore shows that these moduli spaces have a well-defined VFC obtained by turning on 
a generic Gromov-type perturbation v to obtain a smooth orbifold model for the virtual fundamental 
cycle. In the leftover cases g = and 1 < n + £{s) < 2 the moduli spaces are in fact already smooth thus 
they also have a well defined VFC. 

The compatible Riemannian metric on Pjj splits the tangent bundle 

TPd = Vert©7r*TD 

into the vertical subspace and a horizontal subspace identified with tt*TD. A general Gromov-type 
perturbation £ Hom°'^(™, TP^,) can be uniquely decomposed as a sum ly = i/"'^^* + i/^ with i/'"^^* g 
Hom°'\™, Vert) and i^^ e Rom^'^ {TU,t:*TD). To prove the splitting formula we turn on v in 

two stages. 

For the first stage, consider the space of solutions to the perturbed equation 

df = ly""''' (12.7) 

For any such solution /, the projection tt o / : C — ^ £> is J-holomorphic (it satisfies d{TT o /) = 0) and 
represents in homology, so is a constant map. Therefore (|12.7p can be regarded as a family version of 
relative moduli spaces into the fibers {Fp,poo) of (P_d,-Doo). 

This family problem is a different problem than the one we started with. It has a different linearization 
and index: the variation in the map / stays in the fiber direction, and this moduli problem is then cut 
transversely for generic perturbation . Thus the results of Sections [5] and [7] extend to this set-up to 
show that for generic i/^'^^* the moduli space of solutions of (|12.7p is an orbifold of dimension 

ti = diuiD + dim A^(P\ oo) 

that defines a VFC relative to the fibration tt: 

[MdF{PD,D^)r-- G H,,(MdFOPD,D^)) (12.8) 

Moreover, (jl2.6p holds because this is a family version of relative moduli spaces. 

Next consider the horizontal part of the problem. Start first with maps into D. For the moduli space 
Ai(D) = Ai X D of constant maps into D, Taubcs obstruction argument applies to define and compute 
its VFC. This moduli space is an orbifold (independent of J!), but is not cut transversely for g > I; the 
obstruction bundle Ob is constant rank and is isomorphic to E M TD (where E is the Hodge bundle). 
Standard results imply that for generic Gromov-type perturbation i/^ on D the projection = Tiobiv^) 

J 

of is a generic section of the obstruction bundle Oh = EMTD. Moreover the moduli space 
is an orbifold of dimension 

L2 = dim A^g^„-|.^ + (1 — g)dimZ3 
cobordant to the zero locus of , and thus it defines the VFC 

[Mo,g,n+eiD)r^ = PD{ctopiE MTD)) e H,, (Mo,a,n+e{D)) = H,, (Mg,n+i x D) (12.9) 
Finally consider the moduli space of solutions to the combined problem: 

df ^ „^^rt ^^^*^D (^2.10) 

where t — >■ is a real parameter, and j/"'^'"* and are generic vertical and respectively horizontal 
perturbations. For generic t, the space of solutions to (|12.10p is cut transversally, and it cobordant as 
t — > to the subset of solutions of the vertical equation (112. 7p constrained by the condition that their 
projection onto A4{D) = A4 x D lies in the zero locus of the section F^, and therefore 

[Mip{PD,D^)]''"- = ijD n [MUPd, i^oo)]"''- (12.11) 
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where = Ctop(E H TD) is the Poincare dual of the VFC class the moduli space of maps into D. This 
implies (|12.4p and completes the proof of (|12.4p . 

Finally, the one point ramification cycle st*[A^(j(P^, cxo)]"*'" S H^,{A4g^n+e) vanishes whenever 2g — 2 + 
n + ^ > by equivariant localization (see jFP| ) . completing the proof of the Lemma. □ 

Remark 12.3. The same proof shows iy9D*[A^^j;. ^ „ ^(Pi:), I?o U Doo)] = except for the trivial contribu- 
tion and therefore the propagator (cf. section 11 of |lP2p is the identity. 

More generally, let A''^, D be a holomorphic line bundle on a smooth symplectic manifold D with 
a normal crossing divisor V , and consider its compactification tt : Fjy — > D with its zero divisor D and 
normal crossing divisor Fy over the inverse image of V. The projection P/j ~> D induces a map at the 
level of moduli spaces 

MA,g,nA^D,D U Fy) M.,A,g,n+t{s){D , V) (12.12) 

(before turning on perturbations). The proof above extends to this setting to give: 

Proposition 12.4. The space A4dF.g.n,s{^DT D U Fy) has a well-defined virtual fundamental class that 
satisfies 

_ . Ud] z/(d,g,n,s) = (1,0,0,1) 

'PD*[MdF,g,nAPD,DUFy)r'^ = <^ 

I otherwise. 



A Appendix 

This appendix establishes several facts used in previous sections that do not appear in the literature. 
These are basic facts about the topology of the moduli space of J-holomorphic maps and the existence 
of y-compatible almost complex structures. 

A.l Proof of Theorem 14.31 

Several facts about the topology of the moduli space are stated in Theorem 14.31 The proof is presented 
below, organized into four steps. Along the way, two general facts about metric spaces and maps / : 
X are used repeatedly: 

(i) If (Y, d) is a metric space, then f : X ^ Y induces a pseudo-metric f*d on X; this defines a topology 
on X for which / is continuous. 

(ii) A metric on X induces a metric d-u - the Hausdorff distance - on the set Z = SubsetSc{X) of its 
non-empty compact subsets that is compact whenever {X, d) is compact. 

Step 1. Using Facts (i) and (ii), define an initial topology on MA,g,n{X) by pulling back the metrics on 
J{X), Mg^n and M.g^n+i x X by tt x st x F. More precisely, define the pseudo-metric do by setting 

do((C,/,J),(C',/',J')) = dj{J,J') + Jst(C),st(C")) + duiVf^Tf.) (1.1) 

with F/ as in (|42l) . 
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Lemma A.l. Assume f,h are stable (perturbed) pseudo-holomorphic maps with same topological data 
{A,g,n). //Aut C/ ~ 1, then do{f,h) ~ if and only if f and h differ by a reparametrization. 

Proof. One direction is clear because dp is reparametrization invariant. Conversely, assume dol/i h) = 0. 
Then st(/) = st(/i) e M.g,m 7r(/) = 7r(/i) and = T^. By assumption, the graph is an embedded 
nodal curve in A^g_„+i x X. Because C/ is already stable with Aut Cf^l and st(/i) = st(/) so we can 
assume, after precomposing / by an isomorphism, that C/ is obtained from Cu by collapsing the unstable 
rational components of Ch] moreover, C/ = C//AutC/ is canonically isomorphic to the fiber of the 
universal curve over [C/] £ M.g,n- Since F/ = Tu C Ug^n x X then the restrictions of / and h to the 
stable part C/ of their domain must now be equal. The energies then satisfy E(h) = E{f) + E{h'^) where 
/i+ is the restriction of h to . On the other hand, E{f) = E{h) because / and h represent the same 
homology class. Since /i is a stable map, = since otherwise E{h~^) > 0. We conclude that / and h 
have the same domain and f ~ h. □ 

Step 2. Define a sequence of pseudo-metrics on MA,g,n{X) by setting dkif,f') = (i-H(FpF^,) and 
then let 



Lemma A. 2. d is a metric on AiA,g,niX) . 

Proof. Assume by contradiction that f,h ^ A4A,g,n{X) such that dk{f,h) = for all k but / is not a 
reparametrization of h. We can then add a finite collection of marked points x to the domain of / to 
ensure that its domain is stable with trivial automorphism group. Then (io(F(/_a;), F^) < dk{f,h) = 0, 
and so do{{f,x), {h,y)) = for some collection y of marked points. But then by the previous lemma 
(/, x) and (ft., y) must differ by a reparametrization, contradiction. □ 

Step 3. After symmetrizing the metric by the actions of the finite groups G and 5n, we may assume 
that d is invariant under the action of G x Sn- It follows that all maps tt, se, ipk and F*^ above are 
continuous. 

Step 4. The proof is completed by using the following version of the Gromov Compactness Theorem. 

Theorem A. 3. Every sequence {/„ : d — > X} of Jn-holomorphic maps with fixed arithmetic genus, 
uniformly bounded energy, and with Jn J in has a subsequence that converges in up to repa- 
rameterization to a J -holomorphic map f : C X . 

Because C° convergence implies the convergence of the graphs F^^, this immediately shows that 
TT : A4^jf'(A) — > is proper. The maps ipk in (|4.ip are also proper because their fibers arc closed 
subsets of . Furthermore, (fk is perfect: it is continuous, surjective and, by an observation of Palais 
[Pj . a proper continuous map to a metric space is closed. Thus all parts of Theorem 14.31 hold. □ 

Rather surprisingly, convergence in the metric of Theorem 14.31 implies convergence in the Gromov 
topology with higher regularity. For a precise statement, a brief diversion is necessary to clarify what 
convergence with higher regularity means in the present context. 

Suppose /,„ £ M. {X) satisfies d[fm,fo) 0. Then, as in the proof of Lemma lA.21 we can add 
marked points to the domain of /o to obtain an n + /c- marked stable curve Co with Aut Cq = I. The 
assumption that d^^^fm, /o) ^ then means that one can choose k marked points to make the domain of 
each fmSJun + k curve Cm- By the semicontinuity properties used in the proof of Lemma [5.21 the Cm 
are stable with Aut Cm = 1 for large m. We can then regard the maps fm and /o as maps defined on 
fibers of the universal curve over an open neighborhood U of [Co] in Mg.n+k- 
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Now for each compact set X in Co \ {nodes} wc can find a fibcr-prcscrving biholoniorphic map 

T : K X U ^ Uk 

where Uk is the portion of the universal curve over U and outside a fixed open neighborhood of the nodal 
set M dlA. Then Qm = /m o r : iiT — > X is a sequence of maps with the same domain. 

Elliptic regularity results now apply. In particular, if {/m} is a sequence of Jm-holomorphic maps 
from K to X with /,„ -> /o in C° and J™ ^ Jo in M^^'^ for I > 1 and £p > 2, then fm ^ /o in VF^-p 
[Is] . This applies for all ^ > 1 and all compact sets. 

Letting denote the space J'^(X) of smooth tame structures on X, we conclude that 

if J„i Jq in C°° then —J' /o in C°, in HausdorfF distance and in C°° on every compact set 
A' C Co \ {nodes} ^ which is the standard definition of Gromov convergence used in the literature. Thus 
we have: 

Corollary A. 4. The topology on Ai^ {X) over J°°{X) given by Theorem \4.S\ is equivalent to the usual 
Gromov topology. 

It is straightforward to extend these results to decorated and relative versions of the moduli spaces. 



A. 2 The stratification of the universal moduli space 

The universal moduli space A4{X) is stratified by the topological type t of its elements (/, C). The type 
can be represented by the dual graph labelled by: 

(i) Each irreducible component Ci of C is labelled by its genus, number of marked points, automorphism 
group, and the homology class Ai = [f{Ci)]. 

(ii) The isomorphism type of Aut C and its induced action by reordering on the connected components 
and marked points of its resolution C. 

Q 

For the G-decorated relative moduli spaces M {X, V), one also keeps track of the contact information 
to V as well as the topological information about the twisted G-cover G — > C (e.g. in the form of local 
or global monodromies). 

Each graph type t defines a closed stratum Ait of the universal moduli space. Fix E and let Tu,e 
denote the collection of all topological types that are represented by maps / in the universal moduli space 
Ai ' (A) — !> U over U <Z J with energy E{f) < E and with ig — i + n < E. Gromov compactness 
implies Tu^e is finite for any U with compact closure in C*^. It also implies the following fact: 

Lemma A. 5. Each J e i7(A) has a G" neighborhood U in which 

Tu,E ~ Tj,e 

In particular, every triple {A,g,n) represented by a map in Ai^' (A) is already represented by one in 
M^'^^iX). 

Proof. The inclusion Tj.b C Tu.e is obvious. For the other inclusion, assume by contradiction that there 
is a G°-convergent sequence Jk Jo and J^-holomorphic stable maps fk'.Ck^X below energy level E 
whose topological type t is not represented by a map in A^' ' (A). Then the inequality 3gk — 3 + nfc < -E 
gives a uniform bound on the topological type of st(Gfc). We also have a uniform a priori bound on 
the energy of the maps fk as well as a uniform lower bound a > on the energy of each non constant 
Jfc-holomorphic sphere. Since fk is a stable map then this gives an uniform upper bound on the number 
of unstable rational component of Gfe. The only way we could have unstable genus 1 components of Ck 
would be if Ck were smooth genus 1 without any marked points. Either way, this implies there are finitely 
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many topological types possible for C/c, and the same is true for the homology classes represented by 
each component of Ck- Moreover, there can be only finitely many types of automorphisms groups of the 
curves Ck- 

Therefore after passing to a subsequence, we can assume that (a) Ck have same topological type i.e. 
are homeomorphic with the same nodal Riemann surface E; fix such a homeomorphism for each Ck (b) 
Ck have the same automorphism group, with the same action on E (c) for each component of S, the 
images under fk of the corresponding component of Ck represent the same homology class in X . 

Assume for simplicity that E is smooth (otherwise we need to restrict on each connected component 
of the domain or more precisely on the union of connected components of the domain that are in the same 
orbit under the action of the automorphism group). The map fk are J^-holomorphic, all representing 
the same fixed data (A, 5,71) independent of k and whose domains have the same automorphism group. 
Gromov compactness then implies that after reparametrization, a subsequence of fk has a J-holomorphic 
stable limit /o : Co — > X; in particular Co is a possibly nodal genus g surface with n marked points with 
possibly larger automorphism group and its image represents A in homology. But that contradicts the 
assumption that the closed status AAt was empty for the initial J. □ 



A. 3 Adapting J to a normal crossing divisor 

In Section 8 we introduced a stabilizing divisor D and replaced the normal crossing divisor V with V yjD 
and replaced J by a nearby J' that is compatible with the enlarged divisor V iJ D. This subsection 
explains how to find such a J'. It begins at the level of linear algebra. 

Fix a vector space W of dimension 2n with a hermitian structure (w, J, 5). The Grassmann manifold 
Gr2i of codimension 2£ subspaces of W is compact and has a canonical Riemannian metric on Gr2i induced 
by the metric g on W . Furthermore, the subset Crj^ of the J-invariant subspaces is a submanifold. 

Definition A. 6. We say that V G Gr2e is e-holomorphic if it lies in the e-tuhular neighborhood ofGr2g. 

Similarly, an ordered configuration V = {Vi} of k codimension 2 linear subspaces of is a point in 
the product Gk{W) = Gr2 x • • • x Gr2 and V is e-holomorphic if it lies in the e-neighborhood of the 
submanifold 



of J-invariant configurations. It is also useful to consider the singular variety S C Gk{W) of configurations 
not in general position, and say that V is a-general if dist(y, S) > a. Observe that, because Gl{W) is 
a submanifold, there are constants ci,eo > so that if V is an e-holomorphic configuration with e < eo 
then there is a J-invariant configuration V' within distance cie of V, and in fact V is also w-symplectic. 
Moreover, if V is a-general and e is sufficiently small (depending on a) then the complex configuration 
V is a/2-general. 

It is useful to think of configurations as assembled from 2-dimensional subspaces in the following way. 

Definition A. 7. Let V ~ {Vi} be a configuration of k codimension 2 subspaces ofW in general position 
and with common intersection Vaii = r\iVi. An adapted splitting of V is Vaii together with a set of k 
2-dimensional complementary subspaces Ni such that 



GiiW) = Gri 



X ■•• X Gr^ c Gk{W) 



(1.2) 



W = Vail ® ®^Ni 



(1.3) 



and for any I U I' 



C{l,...,fc}, 



ie/ ieiui' 



n V, ^ { n Vi) © ffi 



(1.4) 
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Adapted splittings always exist. For example, one can choose an invertible linear transformation 
L : W C" such that L{V) is the standard configuration of the first k complex coordinate hyperplanes 
{x* = 0} in C" and take Ni to be the inverse image of the complex line in the i direction (these complex 
lines form the standard splitting N'^ of V'^). An adapted splitting (|1.3p is called J- invariant if Vaii and 
each Ni are J-invariant; it follows that each Vi and all intersections (|1.4p are J-invariant. Thus there is 
a dual perspective: given a general point N = {Vaii, Ni, . . . , Nk) in the Grassmann 

GkiW) = Gr2k X Gr2n-2 x • • • x Gr2„_2 
we obtain a configuration ^ = {14} where 

V, = VaiiU ON,. (1.5) 

Again Gk{W) contains a submanifold G^(VF) of J-invariant subspaces and a variety 5* of splittings not 
in general position, and we say N e Gk{W) is e-holomorphic if it lies in the e neighborhood of G'j^{W) 
and is a-gencral if it lies outside the a-ncighborhood of S. 

Lemma A. 8. Fix a hermitian vector space {W^lo, J, g) and a > 0. Then there exist constants Cq,,Cq 
and Eq > with the following property: for every a-general and e-holomorphic configuration V <ZW with 
e < Eq, there exists a V -adapted splitting Ny = {Ni} that is Ca-general and GaS-holomorphic. 

Proof. Whenever V is a-general we can find a linear transformation L that takes V into the standard 
configuration V'^ with norms \L\ and \L^^ \ bounded by a constant depending on a but independent 
of V . Pulling back the standard splitting N^ gives an adapted splitting L~^{N'^) for V that is Ca-general 
for a constant Ca independent of V. If V is J-invariant, we can find a complex linear transformation 
L that pulls back N'^ to a J-invariant Ca-general splitting Ny- Finally, if V is only e J-holomorphic, 
for e sufficiently small (depending on a) homotoping V to the nearby J-invariant V' gives a path Lt of 
linear transformations of length ciS and so a homotopy from the splitting Ny to a J-invariant one Ny' 
of length Ga£. □ 

Now consider a compact manifold X^" with an almost Kahler structure {Lu,J,g) and a topological 
normal crossing divisor V = {Vi}, that is, assume that V satisfies Definition 1.3 of [E] without the 
requirement that V be J-holomorphic. In particular, the branches of V are in general position and each 
intersection V/ = fl • • • fl Vi^ is a submanifold. Also fix an adapted splitting Ny (this is called the 
"normal bundle to V" in [E]). The local model of X near a point p £ Vj is then described via a local 
diffeomorphism sending the branches Vi into the i"* coordinate planes in C" as in [12], but without any 
compatibility conditions with (w, J). 

Along each depth k stratum Vj where k branches of V meet, the restriction of the configuration Ny to 
Vj defines a smooth section of the Grassmann bundle Gk{TX) over Vi that lies in the subbundle G((TX) 
at each point p G V/ where the configuration Ny and therefore V is J-holomorphic. In fact, using the 
local models, we can extend the splitting (|1.3p over a neighborhood of Vj (by extending smoothly and 
then projecting), making the extension agree with the existing splitting on those strata Vp whose closure 
contains Vi. This gives sections tr/ defined on a neighborhood of Vj for each /, and these are compatible: 
if /' C / then Vi lies in the closure of Vi' , and on the intersection of their tubular neighborhoods there 
is a forgetful map (that forgets the branches Vi for i in I 

G^jiiTX) ^ G\j,\(TX) (1.6) 

which takes aj to aji . 

Proposition A. 9. Assume {X, J, g,io) and a > is fixed. Then there exist constants Ga,£o > with 
the following property: for any e < Eq and any topological normal crossing divisor (V, Ny) in X that is 
a-general and E-holomorphic there is an almost complex structure Jy on X with | J — Jy| < GaE such 
that 
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(a) {V, Ny) is Jv-holomorphic, and 



(h) Jy is V -compatible in the sense of UPlf and JT^ . 

Proof. Both {X, V) and the Grassmanian manifolds are compact so we can find uniform bounds for all 
pointwise estimates below. 

For any V which is e-holomorphic and a-general, we can deform each section cr/ to a section ifj of the 
complex configurations space G'^j^{TX) and, by further deformations, make the {ifii} compatible under 

the inclusions G'Ij,^{TX) ^ G'j^|(rX) corresponding to (|1.6p . Because for e small these deformations 
take place in a small tubular neig hborhood of Gfj^{TX) in G|/|(TX) (away from the singular locus S 
of non transverse configurations), the deformation is unique up to homotopy and dist(CT/, (pi) < C^e for 
some uniform constant (independent of e and V), using the canonical metric on G\j\{TX) induced 
by the metric g on X. 

At each point p in a neighborhood of V, the section (p corresponds to a J-complex configurations 
in TpX that is close to Ny in the sense that the g-orthogonal projection 

n^:Nv^ (1.7) 

satisfies \\tt^ ^Id.|| < Ge. Here tt^ is defined by taking TVi and each Ni, for i G / onto the corresponding 
subspaces of N^^ therefore is well defined on TpX = TpVi Ni. In particular, tTj^ is an isomorphism 
for small e. Define Jy by 

Jv = 7r*J = (tt"^)* o Jo (tt^),. 

Then Jy is an almost complex structure on a neighborhood of V which preserves Ny, and therefore 
preserves V , and | J — Jy| < Ce with Ca independent of e and V . 

This defines Jy in a neighborhood of V . Statement (a) follows because we can use the method of 
Theorem A. 2 of jIP2| to merge Jy into J, maintaining the bound | J — Jy| < CqE. 

Finally, we can also achieve statement (b) by successively modifying Jy, beginning with the deepest 
stratum Vaii ■ The needed ^/-compatibility condition along a stratum Vj requires that the Nijcnhuis tensor 
TV of Jy at p G Vi satisfy Af{v,£) G TVi for every v G TVi and every ^ in the normal bundle to V/, 
which is Ni = (Bi^iNi. This can be achieved by applying the proof of Theorem A. 2 of |IP2| . parallel 
transporting in directions inside Ni along Vi and merging into the existing J. This yields a new Jy that 
is now ^/-compatible in a neighborhood of Vj (and preserves the fact that (V, Ny) is Jy -holomorphic 
everywhere). One then repeats the process along the lower strata inductively to construct the required 
F-compatible Jy. □ 

Proposition I A. 91 has the following corollary that was used repeatedly in Section |8l 

Corollary A. 10. Suppose thatV is a J -holomorphic normal crossing divisor in {X,ui,J,g) andfixr] > 0. 
Then there exists constants e,Gn > with the following property: for each Donaldson divisor D that is 
e-holomorphic for e < Eq and rj-transverse to V (in the sense of \A2I ). V D is a symplectic normal 
crossing divisor for some J' with \ J — J'\ < C,,e. 

Proof. By compactness, V is a-general for some a > 0. Similarly, because D is eia-transverse to V, 
V U D is a topological normal crossing divisor that is a-gcncral for some a = a{r]) > independent of 
D. Lemma I A. 8 1 applies pointwise to produce an adapted splitting Njjijy for VUD that is c^-gencral and 
C^£-holomorphic with constants Cj, and independent of e and D. 

Proposition IA.91 then applies provided e was sufficiently small (less than an Eq depending on rj), 
yielding aVUD compatible almost complex structure J' ~ JyuD with | J — J'| < C,,£ for a constant C,, 
independent of e and D. □ 
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